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Comments on "Sound radiation from finite cylindrical 
coated shells, by means of asymptotic expansion 
of three-dimensional equations for coating" 
[J. Acoust. Soc. Am. 96, 277-286 (1994)] 
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Bolt Beranek and Newman Inc., 70 Fawcett Street, Cambridge, Massachusetts 02138 

(Received 15 August 1994; accepted for publication 1 February 1995) 

The idea of expanding elastic variables in powers of a thickness coordinate is not new, having been 
employed by Bassett as early as 1890 [Philos. Trans. R. Soc. Ser. A 181, 433-480]. A variety of 
works over the past decade, which were heavily influenced by Mindlin ["An Introduction to the 
Mathematical Theory of Vibrations of Elastic Plates," A Monograph Prepared for U.S. Army Signal 
Corps Engineering Laboratories, Fort Monmouth, NJ (1955)], have established that such expansions 
should introduce readily identifiable approximations. McDaniel and Ginsberg [J. Acoust. Soc. Am. 
90, 2341 (1991) and J. Appl. Mech. 60, 152-157 (1993)] successfully addressed this idea with 
displacement expansions used in conjunction with Hamilton's principle. The resulting formulation 
avoids many of the assumptions and complications that appear in the recent asymptotic analysis by 
Laulagnet and Guyader [J. Acoust. Soc. Am. 96, 277-286 (1994)], including assumptions on 
thickness relative to radius and to characteristic wavelengths. Numerical results from any set of 
expansions should be studied for convergence by including more terms and evaluating changes in 
a suitable metric, a procedure that is absent in the recent work of Laulagnet and Guyaden ̧  1995 
Acoustical Society of America. 

PACS numbers: 43.40.Rj 

INTRODUCTION 

Consider a circular annulus of thickness h and nominal 

radius a. Geometric thinness requires that h•a, which is 
often taken as the operative definition of the term "thin 
shell" (Smith, 1955). Acoustic thinness requires that h be 
much smaller than any characteristic wavelengths in the 
problem, especially those associated with dilatational and 
shear waves in the annulus. The two assumptions should be 
invoked independently in the derivation of equations of mo- 
tion from displacement series expansions in order to identify 
sources of error. 

McDaniel and Ginsberg (1991, 1992, 1993) addressed 
this issue by using displacement expansions in a variational 
derivation. Detailed numerical results for scattering and ra- 
diation problems will be discussed in a forthcoming paper. In 
their previously published work, they demonstrate that care- 
ful selection of series expansions can remove the require- 
ment of a geometrically thin annulus. Inclusion of a conver- 
gent number of expansion functions removes the requirement 
for an acoustically thin annulus. In particular, multiplication 
of polynomial expansions by a • factor, where r is the 
radial distance, allows analytic integration over the thickness 
without the Taylor series expansions for 1/r and 1/r 2 re- 
quired in the analysis by Laulagnet and Guyader (1994). Use 
of the • factor was proposed by Fellers (1968) for static 
problems. 

Inevitably, any displacement expansions that do not cor- 
respond identically to the appropriate eigenfunctions will re- 
sult in a coupling between expansion coefficients in an 
analysis of forced response. In the absence of supporting 
comparisons to reliable data, this coupling makes it neces- 
sary to perform convergence studies based on including more 

basis functions, and evaluating changes in an appropriate 
metric. McDaniel and Ginsberg (1993) have numerically per- 
formed such validations for solutions based on their expan- 
sions, however Laulagnet and Guyader (1994) have pre- 
sented numerical results based only on a parabolic 
representation of displacements. Furthermore, their conclu- 
sion that the parabolic representation is the minimal possible 
order indicates the inability of their higher-order shell theory 
to reduce to thin shell theory, which assumes only linear 
variations. This is an apparent paradox, in that thin shell 
theory is known to be valid in many situations. 

I. ANALYSIS 

This analysis will address two displacement expansions 
in the radial coordinate that are analogous to those used by 
Laulagnet and Guyader and by McDaniel and Ginsberg. 
Treatment of this coordinate is at the center of Laulagnet and 
Guyader's work, the circumferential and axial coordinates 
having been treated previously. However, it should be men- 
tioned that the axial eigenfunctions used by Laulagnet and 
Guyader are specific to the simply supported case. A more 
general set of boundary conditions can be addressed through 
the use of a complex Fourier series in the axial coordinate. 
Similarly, a complex Fourier series in the circumferential 
coordinate provides for a nonsymmetric distribution of inter- 
nal forces or attachments. 

A simple example permits comparison of series expan- 
sions proposed by Laulagnet and Guyader (1994) with those 
based on ideas originally proposed by Fellers (1968) for 
static problems, and applied by McDaniel and Ginsberg 
(1991, 1992, 1993) to dynamic problems. Because Hamil- 
ton's principle directly produces equations for the displace- 
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ment coefficients after integral expressions for kinetic and 
strain energy are converted to quadratic sums, integration of 
these energies over the thickness coordinate is a useful basis 
of comparison. For simplicity, consider the free vibrations of 
an infinite homogeneous annulus, with no axial displace- 
ments and no variations of any variables in the circumferen- 
tial or axial coordinates. Under these assumptions, the ex- 
pressions for strain and kinetic energy of the annulus per unit 
length in terms of radial displacement w are 

•a+h/2[(ogW 2 2X 10w w U:•(k+2/.t,) d a-h/2 L -•r -Jr-k+2/.t, r Or 

+ -- r dr, (1) 

a+h/2 T= vrp •2r dr, (2) 
da-h/2 

for elastic constants k and/z and density p. 
At this point, the radial distance from the midsurface, 

(r-a), is normalized. Laulagnet and Guyader chose to nor- 
malize (r-a) by the dilatational wavelength •-dil' In order 
for the magnitude of the new variable to be less than one 
within the annulus, they introduce a restfiction equivalent to 
h <•2•.di 1 . This restriction limits the accuracy of the resulting 
equations to an acoustically thin annulus and is unnecessary. 
A normalization that avoids this restfiction, which was sug- 
gested by Fellers (1968), uses the thickness h as follows: 

rl=2(r-a)/h, where - 1 •< r]•<l. (3) 

Under this change of variable, the energy functionals in Eq. 
(2) become 

U= ,r(X+2•) ;• -1 

l+•r/ Ow ) 2 2 h Ow • + k+2/.t, w Or/ 

+ 1 + •r/w2 d r], (4) 

1 T=vrpa2e •2(1 + er/)d r], (5) 
-1 

where e=h/2a. 

Now the challenge is to introduce an expansion for w in 
r] that allows analytic integration of T and U without as- 
sumptions on the smallness of e. Consider an expansion in 
simple powers of the thickness coordinate r], which is analo- 
gous to those proposed by Laulagnet and Guyader, 

M 

W(•7, t)=Z Wm(t)• m. (6) 
m=0 

Insertion of this expansion into the integrand for U does not 
allow integration over r] without Taylor series expansions for 
1/(1 + er/), necessitating assumptions on the smallness of e in 
order for truncation. However, consider the following expan- 
sion that is analogous to those used by McDaniel and Gins- 
berg: 

M 

w(rI, t) = x/1 + 6r/ • Wm(t ) T]m. (7) 
m=0 

The factor that multiplies the series is recognized as r,•. 
This factor has the desired property of canceling the (1 + 
factor appearing in the denominators of the last two terms in 
the integrand of U, allowing analytic integration over 
without the geometrically thin assumption. In fact, this ex- 
pansion results in a theory that is valid for a solid cylinder 
(McDaniel and Ginsberg, 1993). 

The resulting expressions for strain and kinetic energy 
are coupled in the expansion coefficients Wm(t ). Truncation 
at order M produces errors in the determination of the coef- 
ficients due to the neglect of coupling to higher orders. 
Therefore, convergence studies should be performed that in- 
crease M and assess changes in a suitable metric, such as 
natural frequency or displacement at a point of interest. This 
convergence process underscores the importance of approxi- 
mating only one thing--the variation in displacement 
through the thickness of the annulus. Numerical convergence 
of the analysis presented by Laulagnet and Guyader has not 
been reported. Furthermore, it would be cumbersome due to 
the complexity of the approximations they introduce. 

II. CONCLUSIONS 

For the sake of monitoring convergence, any expansions 
in elastic variables should result in a theory that introduces a 
minimum number of readily identifiable approximations. The 
recent asymptotic analysis of Laulagnet and Guyader makes 
unnecessary assumptions on both geometric and acoustic 
thinness, making convergence studies difficult and limiting 
applicability of the resulting formulation. McDaniel and 
Ginsberg have presented an expansion in an appropriately 
normalized thickness coordinate that results in analytic inte- 
gration over the thickness of a cylindrical annulus without 
requirements on geometric or acoustic thinness. 
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