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Power flow to a cylindrical shell with an attached structure
J. Gregory McDaniel
Department of Aerospace and Mechanical Engineering, Boston University, 110 Cummington Street, Boston,
Massachusetts 02215

~Received 27 August 1997; revised 29 January 1998; accepted 25 February 1998!

This paper presents an analytical framework for understanding and controlling the physical
mechanisms which govern power flow to infinitely long cylindrical shells from applied point forces.
It has been observed by others that the power flow to an empty shell peaks dramatically when the
excitation frequency is near the cutoff frequency of a wave in the shell. In this paper, these
observations are explained and generalized by a new analytical expression for power flow based on
classic analyses of a shell’s response to an applied point force. This expression quantifies the
partition of power among propagating waves excited by an applied force. Furthermore, the
expression confirms that power flow increases dramatically as a propagating wave is excited in the
vicinity of its cutoff frequency. In the context of this understanding, the attachment of a passive
structure to the shell is explored as a means of controlling power flow. The nonlinear problem of
designing a structure which satisfies practical constraints and minimizes power flow is formulated
in such a way as to be solvable by a variety of optimization techniques. The formulation, which can
be extended to other structures, is based on an expression for power flow in which the impedance
of the attached structure acts in mechanical parallel with the shell’s impedance at the points of
attachment. An example indicates that a significant reduction in power flow can be achieved by the
attachment of a passive structure whose parameters have been optimized by a genetic algorithm.
© 1998 Acoustical Society of America.@S0001-4966~98!03006-9#

PACS numbers: 43.40.Ey, 43.20.Gp@CBB#

INTRODUCTION

Power flow from mechanical excitations to cylindrical
shells is of practical concern because it often leaves the shell
as unwanted sound or degrades the performance of equip-
ment attached to the shell. In order to understand the funda-
mental mechanisms governing power flow from an applied
point force, this paper presents a new analytical framework
which expresses power flow in terms of the propagating
waves excited by the force. A technique of controlling power
flow is proposed in which a structure attached to the shell is
designed to constrain the shell at the drive point. In the latter
half of this paper, a new formulation is proposed for finding
the relevant design parameters of a structure which satisfies
practical constraints and minimizes power.

Although there has been very little work on understand-
ing the physical mechanisms of power flow to shells, a vast
amount of work exists on the related problem of predicting
the vibrational response of a shell to an applied point force.
Solution of the shell’s differential equations of motion by
Fourier analysis dates back to the work of Yuan1 in 1946.
Similar analyses have been used to study the input imped-
ance of cylindrical shells2,3 and the transfer impedance of
cylindrical shells.4–6 Grigolyuk and Tolkachev7 list 88 re-
lated works published prior to the early 1970’s. In recent
years, Guo8 has extended these methods to investigate the
radiation characteristics of fluid-loaded cylindrical shells ex-
cited by point forces.

Most analyses contained in the works cited above begin
with a coupled system of partial differential equations gov-
erning the motion of the shell’s midsurface with applied
point forces represented by Dirac delta distributions. For in-

finitely long shells, one proceeds by expressing the shell re-
sponse variables in terms of Fourier series expansions in the
circumferential coordinate and Fourier transforms in the
axial coordinate. Axial symmetry of the shell leads to an
uncoupling of circumferential harmonics. For each circum-
ferential harmonic, residue theory is used to perform the
Fourier inversion to the axial coordinate. The final result for
each circumferential harmonic consists of four exponential
terms which describe the axial dependence of the shell’s re-
sponse. Each of these terms represents either a propagating
wave or an evanescent field.

Generally speaking, propagating waves are described by
complex wave numbers having small imaginary parts due to
whatever intrinsic damping mechanisms are present. Disper-
sions and polarizations of the propagating waves in a thin
cylindrical shell have been described by Smith.9 At suffi-
ciently high frequencies, the three propagating waves re-
semble the flexural, shear, and longitudinal waves which
propagate in a flat plate.10 Each propagating wave has an
associated cutoff frequency, below which it becomes highly
attenuated. In contrast, evanescent fields are described by
complex wavenumbers with large imaginary parts over the
entire frequency range. These fields exhibit substantial expo-
nential decays of response as one moves axially away from
the force. Most of the average power flow over a cycle of
harmonic forcing goes to the propagating waves, which carry
energy from the drive point. In contrast, evanescent waves
mostly store energy.

A significant clue to understanding the physical mecha-
nisms which govern power flow was provided by Borgiotti
and Rosen,11 who used the state vector approach to study
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power flow in a cylindrical shell excited by an applied point
force. The state vector approach introduces additional vari-
ables, leading to a larger set of equations which is often more
amenable to numerical calculations of wave dispersion, vi-
brational response, and power flow. In a discussion of their
numerical results, Borgiotti and Rosen noted that when the
shell was excited by a radial point force of varying fre-
quency, the power flow into the shell spiked at the cutoff
frequencies of flexural waves associated with various cir-
cumferential harmonics. They associated the effect with a
type of resonance, however, detailed study of this phenom-
enon was beyond the scope of their paper. The present work
explains and generalizes this observation based on an ana-
lytical expression for power flow from a point force to a
cylindrical shell.

The analysis is also used to explore the potential of re-
ducing power flow by attaching passive structures to several
points on the shell. Analysis of the coupled system involves
a nonlinear relationship between the impedance of the at-
tached structure and the power flow. Given practical con-
straints on the structure, nonlinear optimization techniques
are proposed for finding parameters which describe the at-
tached structure. Although previous research by others has
addressed the forced response of cylindrical shells with at-
tached structures and inhomogeneities~see, for example,
Refs. 12–15!, the present work is apparently the first to ad-
dress the constrained optimization of an attached structure to
limit power flow to a shell.

In the analysis and numerical examples presented here,
the shell is assumed to be of infinite length so that waves
generated by the force propagate away and never return.
Power flow to finite length shells is qualitatively similar to
the infinite case when damping limits reflections from the
shell’s terminations. For lightly damped shells of finite
length, the power flow is generally controlled by the shell’s
resonances, which depend on the boundary conditions at the
terminations16 and on material damping in the shell. For ei-
ther case, power flow can be most effectively reduced by
constraining the shell from vibrating in the circumferential
harmonics which absorb the most power. In this sense, the
methodology developed here for constraining harmonics of
an infinite shell may be extended to finite shells.

I. ANALYSIS OF POWER FLOW TO AN EMPTY SHELL

The essential physics which govern the injection of
power into a cylindrical shell from forces oriented in the
radial, circumferential, and longitudinal directions can be in-
ferred from the shell’s admittance matrix@Ysh#, which is
defined in Eq.~A11! of the Appendix. A brief derivation of
the admittance matrix used here is included in the appendix
for convenience of referral. Similar admittance matrices can
be found in many references and may differ from the one
used here depending on the choice of shell theory. This ma-
trix is sometimes more generally referred to as the Green’s
matrix of the shell, however, the more traditional termad-
mittance matrixwill be used here to precisely indicate a re-
lation between velocity and force.

As defined here, elements of the admittance matrix are
the ratio of the complex velocity amplitude at a location

(fv ,zv) to the complex amplitude of a point force applied at
a location (f f ,zf) when there is only one such force applied.
Physically, the admittance matrix represents the contribu-
tions of propagating waves and evanescent fields to the ve-
locity measured at a point on the shell. Only the diagonal
elements of@Ysh#, which relate velocities to forces in the
same direction, enter into calculations of power flow.

For harmonic excitation of mechanical systems, input
power P averaged over a cycle can be computed from the
complex amplitudes of forceF and velocityV measured in
the same direction according toP5(1/2)R$FV!%, whereV!

is the complex conjugate ofV. Given an admittance defined
by Y5V/F and a specified forceF, the power is thenP
5(1/2)R$Y%uFu2. Power flow to the shell can therefore be
calculated from the expression for the shell’s admittance
given in Eq.~A11! of the Appendix. The resulting flow from
a force with complex amplitudeFa oriented in a cylindrical
coordinate indicated bya ~wherea can bez, f, or r ) is

Pa5~1/2!
V

2pahrcpmnb2

3RH (
n52`

`

(
m51

4
Ca~xmn!

2xmn) p51
pÞm

4
~xmn

2 2xpm
2 ! J uFau2,

~1!

where

Cz~xmn!5~12 ih!$~mxmn
2 1n22V̂2!

3@11b2~xmn
2 1n2!22V̂2#2n2%, ~2!

Cf~xmn!5~12 ih!$~xmn
2 1mnn22V̂2!

3@11b2~xi
21n2!22V̂2#2nxmn

2 %, ~3!

and

Cr~xmn!5~12 ih!$~xmn
2 1mnn22V̂2!

3~mnxmn
2 1n22V̂2!2npnxmn

2 %. ~4!

The shell is described by its mass densityr, Young’s modu-
lus E, material loss factorh, thicknessh, and nominal radius
a. The quantitycp5AE/@r(12n2)# is the low-frequency
phase speed of an longitudinal waves in an equivalent flat
plate with no damping. The nondimensional parametersb
5h/(aA(12), mn5(12n)/2, pn5(11n)/2, V5va/cp ,
andV̂25V2/(12 ih) have been introduced for convenience.

Each term in the double summation of Eq.~1! represents
power flow to either a propagating wave or an evanescent
field described by the nondimensional wave numberxmn .
Them subscript onxmn specifies one of the four roots to the
determinental equationu@Zn#u50, where@Zn# is an imped-
ance matrix of the shell defined in Eq.~A8!. Physically,xmn

is a nondimensional wave number of either a propagating
wave or an evanescent field which naturally exists on the
shell in the absence of distributed forces. While the ampli-
tude of each wave depends on the frequency, amplitude, and
orientation of excitation, wave numberxmn depends only the
frequency of excitation and the shell parameters.
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Power flow approaches infinity whenever any normal-
ized wave numberxmn approaches zero due to uncancelled
factors of eachxmn in the denominator of the expression for
Pa . In reality, intrinsic damping within the shell would pre-
vent xmn from ever being equal to zero. Nevertheless, as
frequency is varied the idealized result given above indicates
that one would observe peaks inPa whenever the excitation
frequency is near the cutoff frequency of any wave. This
conjecture will be supported by numerical results presented
below.

For generality in the numerical results, power is normal-
ized so as to depend on the fewest number of nondimen-
sional quantities. In addition, the normalization should not
alter the frequency dependence of power flow. Therefore,
power will be normalized by the power flow from a normal
force acting on an undamped flat plate of infinite extent hav-
ing the same material and thickness as the shell. The expres-
sion for this quantity, which is independent of frequency, is17

Pp5~1/2!
1

4h2
A3~12n2!

Er
uFau2. ~5!

The normalized powerpa5Pa /Pp , which only depends on
the nondimensional parametersV, b, n, andh, is then

pa5
4V

mnb
RH (

n52`

`

(
m51

4
Ca~xmn!

2xmn) p51
pÞm

4
~xmn

2 2xpm
2 ! J uFau2. ~6!

Plots of the normalized power injected by axial, circum-
ferential, and radial point forces are shown in Figs. 1–3 for
the parameter valuesh/a50.01, n50.3, andh50.01. In
each of these figures, the relevant cutoff frequencies of vari-
ous waves are indicated with solid circles. The vertical loca-
tions of these circles have been chosen to coincide with the
peaks in power from the circumferential harmonic of associ-
ated with the wave.

The power flow from a radial force is illustrated in Fig.
1. Three peaks in the total power appear, each in the vicinity
of a cutoff frequency of a flexural wave with the indicated

circumferential harmonic. For example, consider the contri-
bution of the unu51 harmonic which peaks atV'0.0005
and is responsible for the majority of power flow fromV
'0.0005 to 0.006. This peak is due to the excitation of a
un51u flexural wave whose cutoff frequency falls in this
frequency range.

Figures 2 and 3 show similar characteristics for longitu-
dinally and circumferentially oriented forces. The shell’s cur-
vature causes strong coupling between these forces and ra-
dial motion, so that the majority of power flow is to flexural
waves excited near cutoff. The frequency ranges shown in
these two figures span the cutoff frequencies of many flex-
ural waves, which explains the rapid oscillations in total
power flow. Contributions from theunu51,2,3 harmonics ex-
hibit peaks which correlate with peaks in the total power and
correspond to cutoff frequencies of longitudinal waves in
Fig. 2 and shear waves in Fig. 3. These frequencies are in-
dicated by solid circles. Increasing the material loss factor
within reasonable bounds has a relatively small effect. When
the material loss factor was increased toh50.05 the basic
character of the plots in Figs. 1–3 remained, however the
peaks became broader in frequency.

Equation~1! and the supporting numerical calculations
shown in Figs. 1–3 explain and generalize the observations
made by Borgiotti and Rosen.11 The power flow to a particu-
lar wave peaks dramatically at excitation frequencies near its
cutoff frequency because the wave number, which is in the
denominator of the power flow expression, becomes very
small. This phenomenon is not limited to wave generation in
cylindrical shells; it has been observed in classic analyses of
wave propagation in ducts18 and in horns.19

II. ANALYSIS OF POWER FLOW TO A SHELL WITH
AN ATTACHED STRUCTURE

The expression for power flow,P5(1/2)R$Y%uFu2, in-
dicates that power can be reduced by decreasing the real part
of the structural admittance at the drive point. In the next two
sections, we consider ways of decreasingR$Y% by attaching
a structure which dynamically constrains the motion at the

FIG. 2. Plot of normalized power injected by an axial point force applied to
a cylindrical shell. The dashed lines represent contributions of theunu
51,2,3 harmonics to the summation in Eq.~1!. The solid circles indicate
cutoff frequencies of longitudinal waves withunu51,2,3 harmonics.

FIG. 1. Plot of normalized power injected by a radial point force applied to
a cylindrical shell. The dashed lines represent contributions of theunu
51,2,3 harmonics to the summation in Eq.~1!. The solid circles indicate
cutoff frequencies of flexural waves withunu51,2,3 harmonics.
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drive point. However, this does not automatically imply that
the structure should be attached to the drive point. Indeed,
numerical results presented in the following section will in-
dicate the advantages of attaching a structure at several other
locations.

In order to analyze power flow to a shell with a structure
attached at more than one location, it is expedient to identify
locations on the shell, hereafter referred to asports, where
the structure attaches to the shell or where the shell is excited
by an externally applied force. Combining the force and ve-
locity vectors from all ports into vectors$Fp% and$Vp%, the
unconstrained shell response can be expressed as$Fp%
5@Zsh#$Vp%, where the impedance matrix@Zsh# is found by
inverting a partitioned admittance matrix developed from Eq.
~A11!.

The force vector$Fp% applied to the shell is the alge-
braic sum of forces applied by the attached structure and
externally applied forces, or$Fp%5$Fst%1$Fe%. The at-
tached structures considered here are assumed linear and can
therefore be represented by an impedance matrix@Zst# relat-
ing constraint forces and velocities at all ports by$Fst%
52@Zst#$Vp%. The diagonal elements of@Zst# and@Zsh# are
often referred to asdrive point impedancesand the off-
diagonal elements astransfer impedances. The assumption
of a point-reacting structure, which will be invoked in the
numerical examples, implies that the off-diagonal elements
of @Zst# are zero.

Recognizing that the velocities of the shell and attached
structure must be identical at the attachment points, algebraic
combination of the impedance relations yields the following
result for the velocity of the constrained shell at the ports:

$Vp%5~@Zsh#1@Zst# !21$Fe%. ~7!

This equation expresses the fact that the attached structure’s
impedance acts in mechanical parallel with the shell’s im-
pedance. This result is a dynamic analogue to the ‘‘direct
stiffness method’’ used in finite element analysis.20 Power
flow to the shell with the attached structure is given as

Pa5~1/2!R$$Fe%
T~@Zsh#1@Zst# !21$Fe%%, ~8!

where theT superscript indicates the hermitian transpose of
the force vector.

Equation~8! can be applied to other structures by inter-
preting @Zsh# as the impedance matrix of a master structure.
Although the present work utilizes an analytical solution for
@Zsh#, the impedance matrices of more complex structures
can be computed from finite element models or obtained
experimentally. Once@Zsh# is known, Eq.~8! can be effi-
ciently evaluated for choices of@Zst#. Efficient evaluation
time is critical in the example presented below because non-
linear optimizations are used to determine a@Zst# which sat-
isfies practical constraints and minimizes power. This ap-
proach is discussed in the following section.

III. OPTIMAL PARAMETERS OF AN ATTACHED
STRUCTURE

The design of an attached structure to reduce power flow
and satisfy practical constraints is an iterative process. Prac-
tical constraints often limit the choice of attachment loca-
tions as well as the impedance which the structure can
present to the shell. For example, weight limitations typically
limit the total mass of the structure and flexibility of any
structure limits its ability to dynamically constrain the shell.
In addition to these practical limitations, Eq.~8! indicates a
nonlinear relationship between the attached structure’s im-
pedance@Zsh# and power flowPa . This precludes a direct
solution for an optimal@Zst#. Therefore, the results presented
below will illustrate the use of a nonlinear optimization tech-
nique to minimize power flow by iteratively adjusting the
impedance matrix of the attached structure. To this end, Eq.
~8! will be used to compute power flow.

As an example, consider the optimal design of an at-
tached structure to limit the power flow illustrated in Fig. 1.
Recall that results in this figure correspond to a radial point
force acting on a thin cylindrical shell. In this example, 16
structures are attached at equally spaced locations about the
circumference of the shell and at the same axial location as
the applied radial point force, as shown in Fig. 4. The num-
ber of attached structures has been chosen so that the spacing
between attachment points is less than a quarter of the cir-
cumferential harmonic wavelengths which contribute most to
the power flow over the frequency range 0,V,0.012.

The structure is assumed to be radially point-reacting, so
that it applies a radial point force in reaction to a radial
velocity at the same location. Therefore, the impedance ma-
trix of the attached structure is diagonal. Furthermore, the
magnitude of the structure’s impedance at each location is
taken to beuZi u510uZpu, whereZp54rcph2/A3 is the im-
pedance of an infinite flat plate with the same thickness and
material properties as the shell. In this example, the phases of
the impedances presented at each attachment location will be
chosen so as to minimize power flow. Because our interest
lies in steady-state response, the phase of each attached im-
pedance is allowed to vary arbitrarily with frequency without
regard to causality in the time domain.

Figure 5 shows the normalized power flowing to a shell
with attached structure whose impedance matrix has been
optimized in two ways. In all cases, the real part of the at-
tached structure’s impedance is constrained to be greater

FIG. 3. Plot of normalized power injected by a circumferential point force
applied to a cylindrical shell. The dashed lines represent contributions of the
unu51,2,3 harmonics to the summation in Eq.~1!. The solid circles indicate
cutoff frequencies of shear waves withunu51,2,3 harmonics.
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than zero in keeping with the assumption of a passive struc-
ture. For the curve labeled ‘‘Uniform Optimization,’’ the
phases of all constraint impedances are required to be iden-
tical. At each frequency, the phase has been varied and the
minimum power has been plotted. For the curve labeled ‘‘In-
dependent Optimization,’’ the phase of the impedance at
each attachment location has been allowed to be independent
of the others. At each frequency, a genetic algorithm21 has
been used to find the 16 impedance phases which minimize
the power flow. Without further study there is no guarantee
that the algorithm has found a global minimum, however the
result serves to demonstrate the dramatic effect of optimizing
the individual impedance phases. On average, the optimized
attachments produce a 6.5 dB reduction in power flow
whereas the uniform attachments hardly produce any reduc-
tion at all.

A question remains regarding the distribution of struc-

tural impedance. Is distributing the impedance better than
simply attaching all impedances at the drive point? From the
discussion in the previous section, the latter alternative is
desirable if placing all impedances at the drive point would
more effectively lower the admittance at the drive point. To
answer this question, Fig. 6 shows a plot of power flow for
the two cases. The plot labeled ‘‘Drive-Point Impedance’’
represents an impedance with magnitude 160uZpu at the drive
point, which is equivalent to attaching all 16 impedances at
the drive point. At each frequency, the phase has been varied
and the minimum power has been plotted. For this example,
distributed impedances result in a power flow which is lower
than that resulting from a single drive-point impedance. A
probable explanation is that distributed impedances more ef-
fectively limit the generation of waves associated with the
unu51,2,3 harmonics by constraining these harmonics.

IV. CONCLUSIONS

The physical mechanisms governing power flow to cy-
lindrical shells have been inferred from an analytical expres-
sion which quantifies the partitioning of power among the
shell’s propagating waves. In particular, analysis and nu-
merical examples have shown that large fractions of power
flow are associated with propagating waves excited at fre-
quencies near their cutoff frequencies. A formulation for in-
vestigating the reductions in power flow achieved by the
attachment of a passive structure was developed in which the
power flow is nonlinearly related to the impedance of the
attached structure.

The examples presented here illustrate that dramatic re-
duction in power flow which can be achieved by employing
nonlinear optimization algorithms to adjust parameters of the
attached structure. Furthermore, the examples demonstrate
that a shell might be more effectively constrained from ac-
cepting power by attaching structures at locations other than
the drive point. If this result applies to other wave-bearing
structures, then the formulation presented here could provide
an analytical means of improving the passive control of
power flow and subsequent noise radiation.

FIG. 4. Schematic showing a cross-section of the shell at the axial location
where a radial force is applied and 16 passive structures are attached to the
shell.

FIG. 5. Plot of normalized power injected by a radial point force applied to
a cylindrical shell with 16 attached structures.

FIG. 6. Plot of normalized power injected by a radial point force applied to
a cylindrical shell with 16 attached structures.
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APPENDIX: POINT-FORCE EXCITATION OF WAVES
IN A CYLINDRICAL SHELL

This Appendix summarizes the derivation of an admit-
tance matrix for the shell which relates the velocity vector at
a location (fv ,zv) caused by a point force vector applied at
a location (f f ,zf). The derivation is similar to that presented
by Averbukh and Grigolyuk,7 but uses complex Fourier se-
ries expansions which do not require the assumption of cir-
cumferential symmetry. This derivation begins with the fol-
lowing differential equations of motion based on Donnell’s
theory ~see Ref. 22, pp. 31–33!:

2
Eh

~12n2!a2 S a2
]2u

]z2
1mn

]2u

]f2
1pna

]2v
]z ]f

1na
]w

]z D
1rhü5qz , ~A1!

2
Eh

~12n2!a2 S pna
]2u

]z ]f
1mna2

]2v

]z2
1

]2v

]f2
1

]w

]f D
1rhv̈5qf , ~A2!

Eh

~12n2!a2 S a2
]2u

]z2
1mn

]2u

]f2
1pna

]2v
]z ]f

1na
]w

]z D
1rhẅ5qr , ~A3!

wherer is the shell’s mass density,h is its thickness, anda
is the radius of its midsurface. The longitudinal, circumfer-
ential, and radial displacements are denoted byu, v, andw,
respectively. Subscripts on the applied tractionsqz , qf , and

qr indicate they direction in which they act. The following
nondimensional parametersb5h/(aA12), mn5(12n)/2,
andpn5(11n)/2 have been introduced for convenience.

Considering only steady-state responses to time har-
monic excitations, the time dependences of the force and
velocity vectors are

H q̇z

q̇f

q̇r

J 5R$Qe2 ivt% andH u̇

v̇

ẇ
J 5R$Ve2 ivt%. ~A4!

Consistent with this time dependence, hysteretic damping in
the shell is introduced by allowing the Young’s modulus to
become complex,E→E(12 ih), in Eqs.~A1!–~A3!.

Equations~A1!–~A3! are transformed from the (f,z)
domain to the (n,k) domain by the following two-
dimensional Fourier transforms:

H $Q̂n%

$V̂n%
J 5

1

~2p!2E0

2pE
2`

` H $Q%

$V% J
3exp@2 i ~kz1nf!#dz df. ~A5!

The associated inversion formulas are

H$Q%
$V% J 5 (

n52`

` E
2`

` H$Q̂n%
$V̂n%

J exp@ i ~kz1nf!#dk. ~A6!

The derivation proceeds by substituting Eqs.~A4! and
~A6! into Eqs. ~A1!–~A3! and performing the two-
dimensional transform indicated in Eq.~A5!. This yields the
following algebraic relationship between the transformed
variables:

$Q̂n%5rcp@Zn#$V̂n%, ~A7!

where the nondimensional impedance matrix@Zn# is given
by

@Zn#5~12 ih!S i

V D S h

aDF ~x21mn22V̂2! npx 2 inx

npx ~mx21n22V̂2! 2 in

inx in @11b2~x21n2!22V̂2#

G ~A8!

andcp5AE/@r(12n2)# is the low-frequency phase speed of
a longitudinal wave in an equivalent flat plate with no damp-
ing. Nondimensional frequency and wave number are de-
fined by V5va/cp and x5ka and the complex parameter

V̂2 is defined asV̂25V2/(12 ih).
To find the response to a point force with amplitude

vector $F% applied at (f f ,zf), this force is expressed in
terms of Dirac delta distributions as

$Q%5d~af2af f !d~z2zf !$F%. ~A9!

This distribution is transformed in accordance with Eq.~A5!

and the resulting expression for$Q̂n% is substituted into Eq.

~A7!. For each circumferential harmonic, the transformed ve-
locity $V̂n% is found by inverting the impedance matrix. Sub-
sequent algebraic manipulation is facilitated by expressing
this inversion as the ratio of the adjoint of@Zn# to the deter-
minant of @Zn# or @Zn#215 adj(@Zn#)/u@Zn#u.

Transformation of the velocity vector back to the (f,z)
domain, as indicated in Eq.~A6!, involves an integral over
wave number which can be analytically evaluated using resi-
due integration. Evaluating the velocity amplitude vector$V%
at a location (fv ,zv) yields

$V%5@Ysh#$F%, ~A10!

where the admittance matrix is
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@Ysh#5
V

2pahrcpmb2 (
n52`

`

(
i 51

4
adj~@Zn# !exp@ i ~xmn /a!~zv2zf !1 in~fv2f f !#

2xmn) p51
pÞm

4
~xmn

2 2xpm
2 !

~A11!

for zv>zf . Eachxmn is a root of the determinental equation
u@Zn#u50 and is chosen to lie in the upper half of the com-
plex plane,I$xmn%.0. There are always four such roots to
the determinental equation, which is fourth-order inx2. The
m subscript ofxmn refers to one of the four roots while then
subscript designates the circumferential harmonic number.
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