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A method is presented for estimating the complex wave numbers and amplitudes of waves that
propagate in damped structures, such as beams, plates, and shells. The analytical basis of the method
is a wave field that approximates response measurements in an aperture where no excitations are
applied. At each frequency, the method iteratively adjusts wave numbers to best approximate
response measurements, using wave numbers at neighboring frequencies as initial estimates in the
search. In comparison to existing methods, the method generally requires far fewer measurement
locations and does not require evenly spaced locations. The number of locations required by the
method scales with the number of waves that propagate in the structure, whereas the number of
locations required by existing methods scales with the minimum wavelength. In addition, the
method allows convenient inclusion of the analytic relationships between wave numbers that exist
for flexural vibrations of beams and plates. Advantages of the method are illustrated by an example
in which a beam is excited by a transverse force at one end. Using analytic data and experimental
measurements, the method produces a wave field that matches response measurements to within 1
percent. One interesting feature of the new method is that, when applied to analytic data, it supplies
more robust wave number estimates using responses at unevenly spaced locations. ©2000
Acoustical Society of America.@S0001-4966~00!05910-5#

PACS numbers: 43.40.At, 43.40.Cw, 43.35.Mr@CBB#

I. INTRODUCTION

This paper presents a method for constructing wave
fields from spatially sparse response data. The wave descrip-
tions include dispersion relations of the waves that propagate
in the structure as well as the associated wave amplitudes.
The method applies to structures such as beams, plates, and
shells that support waves along one coordinate. This includes
structures that are nonhomogeneous in the cross-sectional
coordinates, such as composite layered structures, as long as
their dynamics are represented by equivalent homogeneous
structures. The constrained-layer damping of a beam as ana-
lyzed by Kerwin1 and Rosset al.2 is an example of such a
structure.

The dispersion relations are useful in that they contain
information about the structure’s viscoelastic properties that
is otherwise difficult to experimentally measure. One of the
most important of these is the material loss factor of the
structure, which is easily derived from the dispersion rela-
tions. Extraction of such parameters from relatively simple
experiments allows one to construct more accurate finite-
element models of structural assemblages. For example, ex-
periments on a single beam can be used to characterize vis-
coelastic properties for use in a finite-element model of a

truss composed of beams with varying lengths.
Other methods of estimating the loss factor derive from

modal descriptions of the structural response. These include
the half-power point method and the many variations of
modal analysis and testing.3 These methods are more general
than the proposed method in that they make very few as-
sumptions about the structure. However, they only yield es-
timates of the loss factor near the resonance frequencies of
the structure, whereas the proposed method is capable of
estimating the loss factor at any frequency. This difference is
important when the loss factor varies significantly over the
frequency range of interest and the resonance frequencies are
not close enough to track the variations. Loss factors that
vary substantially over small frequency bands have been re-
alized through a variety of damping technologies, an ex-
ample being a box beam filled with small viscoelastic
spheres.4

Estimation of the loss factor by the measurement of spa-
tial wave attenuation has been used by others and is de-
scribed in the text by Cremer and Heckl.5 However, to date
the concept appears to have been limited to experiments that
either generate one wave propagating in one direction or to
experiments in which the boundary conditions are known
precisely. The former generally requires long structures with
high damping, so that a wave generated at one end is mostly
attenuated before it reaches the other end. Bland and Lee6

developed a method that allowed for more than one wave but
assumed a precise knowledge of the boundary conditions.

a!A portion of this work was presented at the 130th Meeting of the Acous-
tical Society: J. Gregory McDaniel, Kevin D. LePage, and Nathan C. Mar-
tin, ‘‘Computation of Complex Wave Numbers and Amplitudes on Vibrat-
ing Structures from Response Data,’’ J. Acoust. Soc. Am.98, Pt. 2~1995!.
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Their method required an experiment in which a damped
beam was excited by a time-harmonic force at one end while
the other end was either free or held fixed. By measuring the
ratio of the velocities at each end of the beam and knowing
the boundary conditions, their method yielded estimates of
the loss factor at each frequency of excitation.

In recent years, a variety of methods has been developed
and used to construct wave fields from finely sampled re-
sponse measurements. The foundation for much of this work
was laid over two centuries ago by Prony,7,8 who developed
a method for estimating the parameters of damped sinusoids
from evenly spaced measurements. His elegant analysis
transformed the problem into one of finding the complex
roots of a polynomial equation. As originally presented, Pro-
ny’s method was very sensitive to noise. To overcome this
difficulty, improvements were made that resulted in the total-
least-squares Prony’s method~TLS!9,10 and the singular-
value decomposition Prony’s method~SVD!.11,12 Another
method that has received much attention in the literature is
the matrix pencil method,13–15which has been shown to have
a lower variance of parameter estimates than Prony-based
methods.

Prony-based methods have been successfully applied to
analytic and experimental responses of cylindrical shells.
Plona et al.16 estimated dispersion relations of fluid-loaded
cylindrical shells by applying Prony’s method to response
measurements at 20–40 locations along the axis of the shell.
The estimated dispersion relations agreed with theoretical
estimates obtained by Sinhaet al.17 Grosh and Williams18

developed a modified Prony’s method that addressed back-
ward and forward propagating waves and applied it to ana-
lytic response data. Vollmannet al.19 used a complex spec-
trum technique to estimate the dispersion relations of
cylindrical shells filled with various viscoelastic media.
Their dispersions agreed with theoretical predictions.20

For the problem of structural wave estimation, Prony-
based methods and their derivatives have the advantages of
being computationally efficient and requiring very little
a priori knowledge of the vibrating structure. However, they
generally suffer from three disadvantages that are overcome
by the present work. First, they require response measure-
ments at a relatively large number of locations on the struc-
ture in order to model highly attenuated waves in the pres-
ence of measurement noise, as discussed by Grosh and
Williams.18 In their work, responses at 64 axial locations on
a cylindrical shell were used in a modified Prony’s method.
Although propagating waves were accurately identified, eva-
nescent waves were unrecoverable in the presence of a
50–60 SNR. Second, these methods require substantial refor-

mulation to include relationships between wave numbers.
For example, evanescent and flexural waves on beams are
related by a factor ofA21. Finally, these methods require
evenly spaced data. Even though most experiments collect
data at evenly spaced locations, the failure of a single sensor
destroys the applicability of the method. More importantly, it
is not clear that evenly spaced measurement locations are
optimal for constructing wave fields.

The present work provides analytical and experimental
demonstrations of a method that requires far fewer response
measurements to construct wave solutions. In particular, the
new method overcomes the Nyquist sampling criteria in
cases where the complex wave numbers may be roughly es-
timated. In addition, the method allows exploitation of rela-
tionships between wave numbers in order to reduce the num-
ber of wave numbers that are extracted from data. A
simplified form of the method was used in a previous paper
by one of the authors.21 The present paper provides a more
general and complete account of the method, including its
application beyond the Nyquist criterion and its application
to unevenly spaced measurement locations.

The method requires that the steady-state response is
measured at locations within an aperture in which no excita-
tion is applied to the structure. An example experimental
arrangement, which is used in examples presented in Secs.
IV and V, is shown in Fig. 1. In such experiments, the struc-
ture supports a finite set of waves that propagate back and
forth across the aperture and that decays due to the damping
of the structure. At each frequency, a wave is characterized
by a complex wave amplitude and a complex wave number.
The proposed method fits a linear combination of these
waves to measured responses by adjusting the complex wave
numbers and amplitudes to best approximate the data.

This fitting of waves to data is performed iteratively. In
brief, initial wave number estimates are made and wave am-
plitudes are calculated by performing a least-squares fit to
data. A wave field is constructed by simply adding the con-
tributions of the individual waves. This wave field is evalu-
ated at the measurement locations and the error between the
wave field and the data is calculated. This error is used to
refine the estimates of the trial wave numbers. This process,
which may be facilitated by a variety of nonlinear optimiza-
tion techniques, continues until the error between the data
and the wave field is sufficiently small. As is the case for
Prony-based methods, time-domain equivalents of the itera-
tive method used here have been previously developed.22–25

In addition, some investigations have shown that the iterative

FIG. 1. A schematic of the beam experiment.
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approach avoids ill-conditioning problems inherent in Prony-
based approaches.26

In the following section, an analytical basis for the
wave field is presented for a broad class of structures. In Sec.
III, an iterative method for estimating wave numbers and
wave amplitudes is described. In Sec. IV, the method is ap-
plied to an example problem consisting of a beam excited
into flexural vibrations by a transverse force at one end.
These analytic data are polluted with noise and sampled at
nine locations along the beam in order to simulate the ex-
perimental data used in Sec. V.

II. ANALYTICAL BASIS FOR THE WAVE FIELD

The method is based on the solution of a homogeneous
linear partial differential equation that describes the motion
of the neutral surface or axis of a structure. For simplicity,
this development considers a displacementw that only varies
with respect to a spatial coordinate,x. Using a harmonic time
dependence ofw5R$We2 ivt%, the governing differential
equation for the steady-state displacement amplitude,W,
with no distributed loading is of the form

2v2W1L$W%50, ~1!

whereL is a linear operator that involves derivatives with
respect tox and structural parameters. Boundary conditions
are assumed to be of the form

Lb$w%ux5xb
5R$Be2 ivt%, ~2!

wherexb represents the boundaries of the aperture andB is
complex valued. The number of such boundary conditions
depends on the order of differentiation contained in the linear
operatorL. Note that other response fields, such as velocity
or acceleration, may also be used as these quantities are pro-
portional to the displacement field at each frequency.

The steady-state solution of Eq.~1! subject to a set of
boundary conditions of the form given in Eq.~2! is a sum-
mation of damped waves

W~x!5 (
n51

N

$Fn exp@ iknx#1Bn exp@ ikn~L2x!#%. ~3!

Each value ofn represents a distinct wave type that naturally
propagates on the structure with a complex-valued wave
number,kn . For uniqueness, the real and imaginary parts of
each wave number are assumed positive. The complex-
valued amplitudes of the forward and backward propagating
waves are denoted byFn andBn , respectively, and are de-
termined by the boundary conditions.

The wave numbers can usually be estimated if the cross-
sectional dimensions and parameters are known. For conve-
nience of referral, dispersion relations for flexural, longitudi-
nal, and torsional waves in homogeneous beams of constant
cross section will be given here. For flexural waves in
beams, the wave number is

kf5 SA rAv2

E~v!@12 ih~v!#I D 1/4

, ~4!

wherer is the mass density,A is the cross-sectional area,I is
the area moment of inertia,E is the real part of the Young’s

modulus, andh is the material loss factor. Beams in flexure
also support a highly attenuated evanescent wave, whose
wave number is related to the flexural wave number byke

5 ik f . Algebraic manipulation of this equation yields the
following relationship between loss factor and wave number:

h5
I$kf

4%

R$kf
4%

. ~5!

For longitudinal waves in beams, the wave number is

kl5A rv2

E~v!@12 ih~v!#
. ~6!

and the loss factor is related to wave number by

h5
I$kl

2%

R$kl
2%

. ~7!

Relations for torsional waves may be found from Eqs.~6!
and ~7! by replacingE with the shear modulus,G5E/@2(1
1n)#.

By convention, each wave is required to decay in its
propagation direction. Therefore,I$kn%.0 is a forward-
propagating wave andI$kn%,0 is a backward-propagating
wave. The choice of the exp@ikn(L2x)# dependence in Eq.~3!
for the backward-propagating waves, as opposed to the sim-
pler form of exp@2iknx#, is motivated by numerical issues.
All backward propagating waves are generated atx5L. If a
backward propagating wave is described by the form in the
above equation, its amplitudeBn corresponds to the value of
the wave field at its point of origin. The wave could also be
described by the simpler formbn exp@2iknx#, where bn

5Bn exp@iknL#. However, asI$kn%L increases,bn decreases
and might underflow to a zero value during a finite precision
calculation.

III. ITERATIVE ESTIMATION OF WAVE NUMBERS
FROM DATA

The present method adjusts the wave numbers and wave
amplitudes in Eq.~3! so that the resulting wave field approxi-
mates measured data. For the present discussion, the mea-
sured response consists of the complex amplitudes of dis-
placement at locations denoted byxm , wherem51,2,...,M.
These amplitudes are denoted byW̃m and are assumed to be
measured at each frequency of interest.

For the moment, let us consider a single response fre-
quency. The method begins with rough initial estimates of
the wave numbers at this frequency. These may be obtained
either from a simplified processing of the measured response,
from a knowledge of the material properties and dimensions
of the structure, or from an application of the method at a
neighboring frequency. For example, the real parts of the
wave numbers may be estimated by locating peaks in a wave
number transform of the spatial data. If the structural cross
section is approximately homogeneous, then the analytical
dispersion relations given in Eqs.~4! and ~6! can be used to
obtain estimates.

Given initial wave number estimates, the wave ampli-
tudes are found by requiring the wave field in Eq.~3! to
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approximate the data at the measurement locations

Wm'W̃m for m51,2,. . . ,M . ~8!

Each Wm is the sum of all of the individual wave fields
evaluated at themth measurement position and is found from
Eq. ~3!

Wm5 (
n51

N

$Fn exp@ iknxm#1Bn exp@ ikn~L2xm!#%. ~9!

For modeling either longitudinal or torsional responses,N
51 in the above equation, as only one wave propagates. For
beams in flexure,N52 is required, as flexural and evanes-
cent waves must be included. The fields produced by the
evanescent waves, which are sometimes referred to as ‘‘near
fields,’’ insure that the model is accurate even at lower fre-
quencies.

Writing the approximations in Eq.~8! in matrix form
gives

@@F#@b##] H $F%

$B%J '$W̃%, ~10!

where the forward and backward propagation matrices,@F#
and @b#, are given by

Fmn5eiknxm and bmn5eikn(L2xm). ~11!

If M<2N, then the number of unknowns exceeds the
number of equations and the wave field can identically re-
produce the data for any choice of wave numbers. It must
therefore be required thatM.2N, which makes Eq.~10!
overconstrained. The wave amplitudes are found by satisfy-
ing this equation in a least-squares sense. As a consequence,
the number of necessary measurement locations required by
the method scales with the number of waves that propagate
in the structure.

Once the wave numbers and amplitudes are initially es-
timated, the wave field is evaluated and an error norm is used
to quantify errors between the wave field and response mea-
surements. The examples presented here use the normalized
mean square error defined by

«5AS (
m51

M

uWm2W̃mu2D Y S (
m51

M

uW̃mu2D . ~12!

Based on this error norm, the wave number estimates are
refined and the process repeats. This repetition continues un-
til the error norm is below a set tolerance.

This procedure may be automated by using nonlinear
optimization routines27 to simultaneously adjust the real and
imaginary parts of eachkn to minimize«. The stability and
efficiency of the method may be improved by recognizing
that, in most cases, the wave dispersion is desired at many
frequencies over a frequency band. Therefore, one begins by
estimating the loss factor at one end of the frequency band
and stepping in frequency, at each step using the wave num-
ber estimates from the previous frequency as initial estimates
in the search at the new frequency.

In cases where the wave field is dependent on a single
wave number, such as the flexural, longitudinal, and tor-
sional wave fields described in the previous section, one has

the luxury of computing an error surface in which the two
planar axes are the real and imaginary parts of the wave
number. An estimate of the wave number may then be ob-
tained by locating the global minimum of the surface. In
practice, this is an advisable approach for obtaining a good
initial wave number estimate at the first considered fre-
quency. This estimate may be then be iteratively refined, as
described above, and the search procedure at other frequen-
cies may use the final estimate at a neighboring frequency as
an initial estimate. This process will be illustrated in the
following two sections.

In practice, the wave numbers are not known and one
may develop confidence in the estimates in two ways. First,
the error norm in Eq.~12! may be evaluated using the final
wave number estimates. Large errors indicate that the wave
field poorly matches the measured response and the wave
number estimates are therefore far from the actual. In the
authors’ experience, a value of« that is less than 0.05 gen-
erally implies an accurate wave number estimate. Second,
the continuity of the wave number over the frequency band
is an important measure of confidence. This requires a suffi-
ciently fine sampling in frequency, so that any apparent dis-
continuities are not caused by undersampling in frequency.

IV. APPLICATION TO AN ANALYTICAL MODEL OF A
VIBRATING BEAM

In this section, the method is applied to an analytical
model of a beam in flexural vibration. The purpose of this
example is to illustrate the performance of the method in a
circumstance where the estimated wave numbers may be
compared to known values. The example will include the
effects of noise and sparse spatial sampling, which are ex-
pected in the experimental data analyzed in Sec. V. The
beam considered in the example has one end free while the
other end is excited by a transverse force. These boundary
conditions are close to those used in experiment.

For generality of the numerical results, a normalized fre-
quencyV is defined using the first resonance frequency of
the free-free beam28

V5vS 2L

3p D 2ArA

EI
. ~13!

In this example, the frequency-dependent loss factor of the
beam will be taken as

h5
2V

11V2
, ~14!

and the Young’s modulus will be assumed constant over the
considered frequency range. The flexural wave number is
evaluated using Eq.~4!, which simplifies to

k5
3p

2L

1

4
A V2

12 ih
. ~15!

The real and imaginary parts of the normalized wave num-
ber,kL, are plotted and labeled ‘‘Actual’’ in Figs. 4 and 5.

The beam response is obtained by applying boundary
conditions to the wave field in Eq.~3!, where the wave num-
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bers arek15kf andk25 ik f . For this example, the boundary
conditions require zero bending moment at both ends of the
beam

E~12 ih!I
]2W

]x2 U
x50

50 and E~12 ih!I
]2W

]x2 U
x5L

50,

~16!

a zero shear force atx5L

E~12 ih!I
]3W

]x3 U
x5L

50, ~17!

and a shear force equal to the applied force atx50,

E~12 ih!I
]3W

]x3 U
x5L

52F. ~18!

Application of these four conditions to the wave solution
yields a linear set of equations that is solved for the four
wave amplitudes. Substitution of the amplitudes into the
wave solution allows evaluation of the displacement at any
location on the beam. A normalized displacement is defined
by W/W0 , whereW05FL3/EI.

A surface plot of the displacement amplitude versus fre-
quency and position is given in Fig. 2. In this figure, one
observes summations of forward- and backward-going
waves that produce spatial oscillations governed by the flex-
ural wavelength. In addition, a decay envelope due to damp-
ing is observed as one moves away from either end of the
beam, where the waves originate. At any location on the
beam, one observes relative maxima that correspond to
damped resonances of the beam. Using a modal method, the
loss factor could only be estimated near the resonance fre-
quencies.

In order to simulate experimental conditions, the re-
sponse is sampled at a small number of locations and cor-
rupted with Gaussian noise. The measurement locations are
equally spaced along the beam and the aperture is chosen to
include the entire length of the beam. Nine measurement
locations are chosen, so that the Nyquist sampling criterion
is violated atV.30. The real and imaginary parts of the

noise are assumed to be Gaussian distributions with zero
mean and unity standard deviation multiplied by 1 percent of
the mean displacement magnitude at each frequency. Ac-
cording to the definition used by Grosh and Williams,18 the
SNR is approximately 40 dB at each frequency. The final set
of response data consists of the noise-corrupted displacement
amplitudes at nine specified beam locations for 200 evenly
spaced excitation frequencies over the range 1,V,75.

Figure 3 contains a plot of the logarithm of the normal-
ized mean square error versus the real and imaginary parts of
the flexural wave number at the highest frequency in the
band,V575. This plot indicates a clear minimum near the
actual value, indicated by the white circle. This wave number
was used as an initial estimate in a search for the final esti-
mate at that frequency. For the results presented here, the
search was automated by using a simplex algorithm. The
wave number at the next lower frequency was extracted us-
ing the wave number estimated at the previous frequency as
an initial estimate. This procedure continued down in fre-
quency until the end of the band was reached.

The real and imaginary parts of the normalized wave
number estimated by this procedure are shown in Figs. 4 and
5. The different scales on the two plots leave the erroneous
impression that the imaginary part of the wave number is
more sensitive to the noise, when in fact only the relative
errors in the imaginary part are greater. To observe this, the
errors in the real and imaginary parts of the wave number are
plotted on the same scale in Fig. 6, where they are seen to be
the same magnitude. Note that the horizontal axis is the ratio
betweenD, which is the spacing between the response loca-
tions, andl, the wavelength of the flexural wave. The Ny-
quist criterion is exceeded whenD/l exceeds 0.5. The wave
number is accurately predicted above the Nyquist criterion;
however, relatively large errors are seen near the criterion.

These large errors near the Nyquist criterion result from
sampling the response field at equally spaced locations.
Since the method does not require equally spaced locations,
this situation may be improved by sampling the response at
unequally spaced locations. To illustrate this, the response
was resampled at the ends of the beam and at seven ran-

FIG. 2. A plot of the normalized displacement magnitude of the beam due to
a transverse load atx50. FIG. 3. Plot of the logarithm of the normalized mean-square error, log10(«),

for V575. The actual value ofkL is indicated by the circle.
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domly chosen locations in between, so that the total number
of locations was kept the same. The method was applied to
this response data and the resulting errors are plotted in Fig.
7 using the same horizontal axis as in Fig. 6. Large errors
near the Nyquist criterion have been eliminated by the un-
equal spacing.

V. APPLICATION TO EXPERIMENTAL DATA FROM A
VIBRATING BEAM

In this section, the method is applied to experimental
measurements taken on a damped beam. A schematic of the
experiment is shown in Fig. 1. The acceleration of the beam
was measured by nine evenly spaced accelerometers that
spanned the length the beam and an electromagnetic shaker
produced a transverse force at one end. The shaker was
driven by a random time signal and the measured beam ac-
celeration was Fourier transformed to obtain the complex
amplitude of acceleration at the nine locations. The accelera-
tion magnitudes at the middle and ends of the beam are

plotted versus frequency, which is again normalized by the
first resonance frequency of the beam, in Fig. 8. The second
resonance occurs nearV53 and the third resonance near
V56.5. Spatial decay of the measured response, due to the
intrinsic material damping of the beam, is evidenced in this
figure by large reductions in vibration from the forced end at
x/L50 and the far end atx/L51. This substantial and
frequency-dependent damping is expected from the design of
the beam.

As in the previous section, the wave number estimation
began at the highest frequency in the band,V58. In order to
determine a starting guess for the complex wave number at
this frequency, a plot of the logarithm of the normalized
mean-square error versus the real and imaginary parts of
wave number is shown in Fig. 9. One local minimum is
observed near a wave number ofkL'101 i0.6. The real part
of this wave number is close to an estimate based on the
dimensions and material of the beam. Another local mini-
mum appears atkL'331 i0.6; however, the real part is
more than three times the value estimated from the cross-

FIG. 4. A plot of the real part of normalized wave number versus normal-
ized frequency.

FIG. 5. A plot of the imaginary part of normalized wave number versus
normalized frequency.

FIG. 6. Plot of the errors in the real and imaginary parts of the normalized
wave number,kL, using equal spacing of response locations.

FIG. 7. Plot of the errors in the real and imaginary parts of the normalized
wave number,kL, using unequal spacing of the response locations.
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sectional dimensions and material of the beam. Therefore,
k'101 i0.6 is used as an initial estimate.

This estimate is used by a simplex algorithm that varies
the real and imaginary parts of the wave number to minimize
the normalized mean-square error. After the algorithm re-
fines this guess, the wave number at the next lower fre-
quency is estimated using the final wave number estimate at
V58 as an initial estimate. The process continues in this
way down to zero frequency. The normalized wave number
is plotted in Fig. 10. Dramatic variations in the wave number
at frequencies belowV50.75 indicate that the method is not
capable of accurately extracting the wave number, as such
variations are physically unrealizable. Over the rest of the
frequency band, the continuity of the wave number is one
indication that the method succeeded.

Another indication is given in Fig. 11, where the nor-
malized mean-square error is plotted versus frequency. This
plot was produced by using the wave numbers in Fig. 10.
Low errors indicate the accuracy of the method, which in-
volves five adjustable parameters, to best approximate the
nine measured values of acceleration. While the errors are

less than 1 percent, the rapid variations in wave number at
frequencies belowV50.75 lead to the conclusion that a
large range of wave numbers would produce low errors. An
analytical explanation for the low-frequency failure of the
method has been developed and is included in the Appendix.
The method appears to produce acceptable results aboveV
50.75 as the errors are small and the estimated wave num-
bers are continuous functions of frequency.

As an additional verification, the loss factor of the beam
was evaluated by fitting a modal description to the first three
modes of the beam. To do this, the impulse response of the
beam in the time domain was calculated by taking the in-
verse Fourier transform of the frequency response. Using the
matrix pencil method,13–15 six damped sinusoids were fit to
the acceleration at the center of the beam. The center of the
beam was used because the first three modes produced ac-
celerations of roughly the same magnitude at that location.
Note that the second mode of a symmetric free–free beam
would have a node at the midpoint of the beam; however,
small nonsymmetries in the beam produced a finite response

FIG. 8. Plot of the acceleration measured at three locations on a free–free
beam that is excited at one end by a mechanical shaker.

FIG. 9. Plot of the logarithm of the error atV58.

FIG. 10. Plot of the complex wave number estimated from the experimental
data using the method.

FIG. 11. Plot of the error in fitting the acceleration of the beam by using the
complex wave numbers shown in Fig. 10.
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there. Accelerometers at the ends of the beam were not used
because the large accelerations of the first mode prevented
accurate estimation of the modal properties of the second and
third modes. The results are shown in Fig. 12, where the
modal loss factor estimates agree with those predicted by
using the estimated wave number. Note, however, that the
new method estimates the loss factor at all measured fre-
quencies whereas the modal estimates may only be obtained
at the modal frequencies.

VI. CONCLUSIONS

The present method provides an accurate means of esti-
mating the dispersion relations of waves in damped struc-
tures from a small number of measured response amplitudes
at frequencies above the first structural resonance. The
method expresses the steady-state response amplitudes as a
sum of damped waves that propagate forward and backward
across an aperture in which no external force is applied. For
time-harmonic flexural vibrations of a beam, one complex
wave number and four wave amplitudes completely describe
the response anywhere on the structure. For pure longitudinal
or shear vibrations at a single frequency, one complex wave
number and two wave amplitudes describe the response any-
where. The method does not require any knowledge of the
boundary conditions, material properties, or cross-sectional
dimensions of the structure.

The method offers the distinct advantage of working
even when the Nyquist criterion for the distance between
response locations is not satisfied. This advantage is gained
by having an estimate of the structural wave numbers, which
is usually available given cross-sectional dimensions and
material parameters. While the method appears to produce
large errors at sampling spacings equal to half of the struc-
tural wavelength, this weakness can be overcome by sam-
pling the response at unevenly spaced locations. Additional
analysis may reveal sets of sampling locations for which the
wave numbers may be optimally estimated.
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APPENDIX: LOW-FREQUENCY FAILURE OF THE
METHOD

In this section, a low-frequency analysis is presented
that accounts for the failure of the method at low frequency,
where the structural wavelengths are a fraction of the aper-
ture over which the response is measured. Note that this
aperture length,L, may be considerably different than the
actual length of the structure. For clarity, consider a wave
field that is composed of a single wave type. According to
Eq. ~3!, this field is

W~x!5F1 exp@ ik1x#1B1 exp@ ik1~L2x!#. ~A1!

Now examine the situation where the wavelength is
much larger thanL, which corresponds to small values of
k1L. Performing a Taylor series expansion aboutk1L50
gives

W~x!'F1~11 ik1x!1B1@11 ik1~L2x!#. ~A2!

This equation may be rewritten as

W~x!'C11C2~x/L !, ~A3!

where

C15F11B1~11 ik1L ! and C25 ik1L~F12B1!. ~A4!

In this limit, the wave field is reduced to a linear function of
position. Assuming thatC1 andC2 are accurately found by
fitting Eq. ~A3! to data, this information is not sufficient to
estimate the wave number. To see this, rewrite Eq.~A4! in
matrix form as

F 1 11 ik1L

ik1L 2 ik1L G H F1

B1
J 5H C1

C2
J . ~A5!

This equation indicates an ambiguity in the wave number
search, as the wave amplitudesF1 andB1 may be found to
produce the linear fit coefficientsC1 andC2 for any choice
of wave number. This causes the method to fail, as the nor-
malized mean-square error becomes independent of wave
number in this limit.
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