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Motivated by recent experiments involving the acoustic levitation of foam drops, we develop a
model for nonlinear oscillations of a spherical drop composed of monodisperse aqueous foam with
void fraction below 0.1. The model conceptually divides a foam drop into many cells, each cell
consisting of a spherical volume of liquid with a bubble at its center. By treating the liquid as
incompressible and inviscid, a nonlinear equation is obtained for bubble motion due to a pressure
applied at the outer radius of the liquid sphere. Upon linearizing this equation and connecting the
cells at their outer radii, a wave equation is obtained with a dispersion relation for the sound waves
in a bubbly liquid. For the spherical drop, this equation is solved by a normal mode expansion that
yields the natural frequencies as functions of standard foam parameters. Numerical examples
illustrate how the analysis may be used to extract foam parameters, such as void fraction and bubble
radius, from the experimentally measured natural frequencies of a foam drop. ©2002 American
Institute of Physics.@DOI: 10.1063/1.1475315#

I. INTRODUCTION

Foams and froths are ubiquitous in nature and industry.
They are the signature of vigorous, gas-entraining mixing
processes in liquids. A minimalist conception of a foam
would consist of a gas confined as bubbles within a liquid
host. The aqueous foams considered here are composed of
surfactant-bearing water and air bubbles. A comprehensive
review of foam theories and applications can be found in the
textbooks by Edwardset al.1 and Exerowa and Kruglyakov,2

and in the article by Kraynik.3

Theoretical treatments of the unique rheology of foams
go back at least to Mallock,4 who was motivated to explain
the common observation that ‘‘A tumbler containing a frothy
liquid gives a dull sound when struck.’’ Mallock showed that
the sound speed for intermediate void fractions was actually
lower than its value for either the wet limit,cwater

51500 m/s, or the dry limit,cair5340 m/s. This result has
been borne out by a century of subsequent work on bubbly
liquids5–9 and, as seen later, leads to key insights into the
free vibrations of foam drops.

The present work is motivated by the continuing need to
measure, understand, model, and eventually predict foam
mechanics and rheology for wet or dry foams. To this end,
two of the present authors recently described a noncontact

technique in which small samples of an aqueous foam were
acoustically levitated and excited into resonance by modulat-
ing the levitation field.10 The samples were approximately
spherical in shape, so will henceforth be referred to as
‘‘drops.’’ Our technique utilizes acoustic levitation to provide
both noncontact positioning and static and dynamic excita-
tion of foam drops. By measuring the quadrupole natural
frequency of a 3.8 mm radius foam drop to be 63 Hz, we
inferred a shear modulus in the range of 73–78 Pa for a
relatively dry foam. This value compared favorably with ex-
perimentally determined moduli utilizing more traditional
contact-based techniques.11–16 The same technique has
proven successful for the determination of the surface rheo-
logical properties of single-phase liquid drops.17–19

The primary advantages of this acoustic levitation tech-
nique are its elimination of the requirement for sample con-
tact containment, its ability to test foams of arbitrary gas
volume fraction, and its ability to excite both shear and di-
latational motion. The technique relies on an accurate physi-
cal model for the dynamic response of spheroidal foam drops
in order to infer foam properties from experimental measure-
ments. The heart of such a model is a theoretical description
of the foam dynamics.

Our earlier work10 modeled the foam as an effective
solid elastic medium. While successful in describing the
small-amplitude oscillations of a dry foam with a fixed lat-
tice of bubbles, such a material description has certain dis-
advantages. First, a foam is only solid-like for high gas vol-
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ume fractions and small-amplitude motion. Second, such an
effective elastic medium theory only implicitly incorporates
the effect of varying gas volume fraction via the effective
density of the medium, and it cannot capture the physics of a
bubbly mixture. Finally, the gas volume fraction is a dy-
namic quantity, and during dilatational motion of significant
amplitude it cannot be treated as a material constant. We thus
need a model capable of describing wet foams.

The subject of the present paper is a theoretical investi-
gation of foam dynamics in the wet limit; such foams are
often referred to as ‘‘bubbly liquids,’’ though we are con-
cerned with void fractions that are orders of magnitude
greater than the acoustical oceanography community deals
with. The model conceptually divides a foam drop into many
cells, each cell consisting of a spherical volume of liquid
with a bubble at its center. This division was suggested by
Wood6 for the purpose of analyzing dissipation in bubbly
media, and widely used for many problems of multiphase
fluid dynamics by Nigmatulin.8 The dimensions of the
bubble and liquid layer are chosen such that the mass of gas
and liquid in the drop are identical to that in the cells. By
linearizing the analysis, we find the natural frequencies of
the monopole and multipole modes of a drop. We begin in
the next section with an argument for the relevant physics
that must be included in the model.

II. FOAM MECHANICS, RHEOLOGY, AND DROP
DYNAMICS

One of the most important characteristic parameters of a
foam is its gas volume fractionag , or more commonly the
‘‘void fraction.’’ A foam’s thermodynamic, mechanical,
acoustical, and rheological properties are sensitive functions
of the void fraction. Three regimes of foam morphology are
typically identified. A ‘‘wet foam’’ ~approximately 0,ag

,0.5) is essentially a bubbly liquid. The individual bubbles
are free to move about within the liquid. Wet foams cannot
support shearing motion, except at the surfaces of the indi-
vidual bubbles. A ‘‘transitional’’ or ‘‘critical foam’’~approxi-
mately 0.5,ag,0.7) is comprised of bubbles whose dy-
namics are strongly interacting, and whose surfaces may be
in mechanical contact with each other. This regime may be
usefully thought of as a phase transition between a liquid-
and solid-like state. A critical void fraction marks the point at
which a foam begins to possess solid-like properties, such as
shear wave propagation and yield stress. The critical void
fraction for three-dimensional foams is approximately 0.67,
which corresponds to random close packing of bubbles. Fi-
nally, a ‘‘dry foam’’ is the commonly encountered state in
which the bubbles, at least for low to moderate straining
rates, have a fixed position in a lattice. Such foams behave as
viscoelastic solids for sufficiently small straining rates. How-
ever, a dry foam may flow as a liquid when strained beyond
a critical point.

Theoretical investigations of rheological properties be-
gin with Derjaguin,20 who derived an expression for the
shear modulus of an idealized dry foam and showed that it
was proportional to the foam capillary pressure. Subsequent
theoretical and numerical work has concentrated primarily

on two-dimensional geometric models limited to dry foams.
The reader is referred to Refs. 21–26 for examples of
groundbreaking work in this area and to Ref. 27 for a com-
prehensive review. Several theoretical models have ad-
dressed the unique rheological dependence on void fraction.
Bolton and Weaire28 introduced a two-dimensional model
that predicts the vanishing of the shear modulus at a critical
void fraction. This model is strictly valid in the dry limit. In
contrast, a static but bubble-based two-dimensional molecu-
lar dynamics simulation29 captures the transition features us-
ing wet-limit assumptions. The model assumes spherical
bubbles that resist deformation because of their Laplace pres-
sure. Among other things, the model predicts the vanishing
of the shear modulus, but the scaling behavior near the tran-
sition is different than that found for dry two-dimensional
models.

It is interesting to qualitatively consider the dynamics of
foam drops in the limiting cases of wet, critical, and dry. We
consider a foam drop surrounded by a gas to simplify the
situation. To engage in even a brief discussion, we must draw
a distinction between the monopole~or ‘‘breathing’’! mode
and the multipole~or ‘‘higher-order shape’’! modes, since
such motions are qualitatively different. First we consider
monopole oscillations. The restoring force for perturbations
from the drop’s equilibrium volume is provided by the inter-
nal pressure of the individual bubbles within the drop, which
will expand and contract when the drop volume is externally
forced.

Surface tension plays a small role at the macroscopic
level, since the Laplace pressure 2s/R0 for a drop of radius
R0 is much smaller than the ambient or atmospheric pres-
sure. However, surface tension will have an increasingly im-
portant effect as the mean radiusa0 of the bubble size dis-
tribution approaches 1mm, for then the bubble’s Laplace
pressure 2s/a0 is on the order of the ambient pressure. The
mass is that of the liquid between the bubbles. Dissipation is
provided by the bulk fluid motion, the surface fluid motions
at the drop surface and at the individual bubble surfaces, and
also by heat transfer and acoustic radiation of the individual
oscillating bubbles.30 For critical and dry foam drops, a pri-
mary difference is that surface tension becomes more impor-
tant as a restoring force because of the many thin-film fluid
connections that form inside the drop. The mass continues to
decrease as the void fraction increases. It is difficult to make
any general statement about the effect on dissipation due to
increasing void fraction, except to say that dissipative effects
increase relative to inertial effects.

For multipole oscillations of wet foam drops, the restor-
ing force for perturbations from the drop’s equilibrium shape
is surface tension acting at the drop and bubble interfaces.
Since surface-active agents are present, a local Marangoni
restoring force due to gradients in surface tension also con-
tributes. The effective mass is once again the mass of the
liquid component. The dissipation is more strongly affected
by the surface terms at the drop interface than for the mono-
pole case, and the thermal and acoustic bubble dissipation
terms are negligible. For shape oscillations of critical and dry
foam drops, the internal thin film fluid connections add stiff-
ness to the drop and allow the possibility of torsional multi-
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pole modes. As for the monopole case, the mass is decreas-
ing, and dissipation is again ambiguous as the void fraction
increases.

The discussion above has implicitly assumed that the
internal pressure of the mixture inside the drop is uniform
~except for the Laplace pressure contribution to the interior
bubble pressure!. This will hold true until either the wave-
length of incident sound is short compared to the drop radius
R ~which will never occur during standing wave acoustic
levitation!, or the velocity of the drop interface,Ṙ, ap-
proaches the speed of sound in the mixture~which is also
unlikely but not impossible since the sound speed in the
foam will be quite low!, or if the wavelength of sound in the
foam is much less thanR ~possible again because of the low
sound speed in the bubbly mixture!. Uniform mixture pres-
sure implies that all bubbles oscillate essentially in phase
unless there are wide disparities in the bubble size distribu-
tion, or nonlinear effects dominate.

Thus we turn our attention to a more dynamic and
bubble-based description of a foam, and in so doing we ex-
plicitly incorporate the fact that we utilize acoustic levitation
of bounded foam drops in our experiments. We wish to im-
prove upon existing models by considering three-
dimensional cases, and by explicitly accounting for the finite
volume of the foam drop. We begin here by introducing a
three-dimensional model for the free vibration of spheroidal
foam drops in the wet~or bubbly liquid! limit.

III. BUBBLE-IN-CELL ANALYSIS OF A WET FOAM
SAMPLE

In this section, we present an analysis of a foam sample
that is based on the bubble-in-cell model. This model con-
ceptually divides the foam sample into cells, with each cell
consisting of a liquid sphere with a gas bubble in its center.
The geometry is shown in Fig. 1. The liquid is analyzed first,
under the assumptions that it is incompressible and inviscid.
By starting with the momentum equation and invoking con-
servation of mass, one arrives at a nonlinear equation that
relates the pressure differential between the inner and outer

radii to the motion of the bubble wall. An analysis of the gas
in the bubble assumes that the pressure is spatially uniform
and is governed by a polytropic gas law, resulting in a rela-
tionship between the bubble radius and the liquid pressure at
the bubble wall. Linearizing and combining these results for
the liquid layer and gas bubble results in a wave equation for
the foam sample.

A. Dynamics of one cell

To avoid confusion with the standard notation for veloc-
ity potentials~note that several authors usef to denote the
void fraction!, let a l and ag be the fractional volume con-
centration, andr l and rg the density of the liquid and the
gas, respectively. Then the densityr of the two-phase mix-
ture is given by

r5a lr l1agrg , ~1!

wherea l1ag51. Note that the gas volume fraction depends
on the instantaneous bubble radius,

ag5 4
3pa3n, ~2!

wherea is the instantaneous bubble radius andn is the num-
ber of bubbles per unit volume of the mixture. The radiusA
of the liquid sphere in one cell and the bubble radius are
related to the void fraction at any instant by

a

A
5ag

1/3. ~3!

Note thatA, a, and ag are variable in time. Typically,a
,A!R, whereR is the radius of the drop.

Conservation of mass and the incompressibility of the
liquid require that the radial mass flow is independent of
radius,

v5
ȧa2

r 2 , where a<r<A, ~4!

andv is the radial velocity of the liquid atr . The mass and
bubble densities are related by requiring that the total mass
of each cell must not change in time. The initial volume of
one cell is V051/n0 , so the initial mass isM05r0 /n0 ,
where r05ag0rg1a l0r l . Requiring that the mass of one
cell remains constant gives

r

n
5

r0

n0
. ~5!

The dynamics of the liquid layer are analyzed by assum-
ing spherical symmetry and by writing the momentum equa-
tion for an incompressible and inviscid fluid,

1

r l

]p

]r
52 v̇2v

]v
]r

. ~6!

Integrating this equation fromr 5a to r→` and invoking
~4! yields

p5pa2r lFaä1
3

2
ȧ22S a

r D ~aä12ȧ2!1S a

r D 4 ȧ2

2 G , ~7!

FIG. 1. Schematic of one cell in the bubble-in-cell model.
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where each overdot denotes a time derivative,r is the radial
coordinate with the origin at the bubble center,p is the liquid
pressure at any radius, andpa is the liquid pressure evaluated
at the bubble wall.

Evaluating~7! at the outer radius of the liquid layer,r
5A, and invoking~3! results in

pa2pA

r l
5~12ag

1/3!aä1
3

2 S 12
4

3
ag

1/31
1

3
ag

4/3D ȧ2. ~8!

This equation bears some resemblance to the Rayleigh–
Plesset equation that governs the motion of a single bubble
in an infinite fluid,31

pa2p`

r l
5aä1

3

2
ȧ2, ~9!

wherep` is the liquid pressure far from the bubble. In the
limit of vanishing void fraction,ag→0, ~8! reduces to~9! as
one would expect.

Now we turn our attention to the dynamics of a bubble at
the center of one cell and assume that the gas pressure inside
the bubble,pg , is spatially uniform. Continuity of momen-
tum requires that the gas pressure differs from the liquid
pressure at the bubble wall by a surface tension term, accord-
ing to

pg5pa1
2s

a
, ~10!

wheres is the surface tension coefficient. Furthermore, the
gas pressure is assumed to be governed by a polytropic gas
law of the standard form

pg5S p01
2s

a D S a

a0
D 23k

, ~11!

wherea0 is the mechanical equilibrium radius of the bubble,
k is the polytropic exponent (k51 for isothermal oscilla-
tions andk5gg for adiabatic oscillations, wheregg denotes
the gas adiabatic exponent!. Combining ~8!–~11! gives the
following relationship between the pressure at the edge of
the cell and the bubble radius:

pA5S p01
2s

a0
D S a

a0
D 23k

2
2s

a
2r lF ~12ag

1/3!aä

1
3

2 S 12
4

3
ag

1/31
1

3
ag

4/3D ȧ2G . ~12!

B. Dynamics of a cluster of cells

Equation~12! can be integrated to find the bubble radius
given the time-dependent pressure atr 5A and initial condi-
tions. However, our goal here is to analyze the coupled dy-
namics of many connected cells. Therefore, we conceptually
connect the cells at points on their outer radii and replace the
assemblage with an ‘‘equivalent’’ fluid whose dynamics ap-
proximate those of the foam. This arrangement is shown
schematically in Fig. 2. We assume all the bubbles have
equilibrium radiusa0 . The fluid is required to be masscon-
serving, so that

]r

]t
1“"~rv!50, ~13!

wherer is given in~1!. The fluid also satisfies Euler’s equa-
tion,

r
Dv

Dt
1“p50, ~14!

whereD( )/Dt is the substantial derivative.
We linearize our equations by assuming that time-

dependent quantities only vary slightly from their equilib-
rium values. Specifically, we writer5r01r8, n5n01n8,
pA5p01p8, v5v8, ag5ag01ag8 , and a5a01a8. The
primed quantities are assumed small, such that any product
of primed quantities may be neglected. When these assump-
tions are introduced in~12!, we arrive at the linearized equa-
tion

p852F S p01
2s

a0
D 3k

a0
2

2s

a0
2 Ga82r l~12ag0

1/3!a0ä8. ~15!

Linearizing ~5! gives

n85
n0

r0
r8. ~16!

Similarly linearizing the density in~1! and using~16! gives

r8524pa0
2n0r0S r l2rg

r l
Da8. ~17!

Since the mass density of the liquid is typically much larger
than that of the gas in the bubbles and our interest is in low
void fractions, we shall proceed with the approximation

r l2rg

r l
'1. ~18!

This approximation simplifies~17! to

r8524pa0
2n0r0a8. ~19!

We also linearize~13! and ~14! and use~18! to get

]r8

]t
1r0“•v50, ~20!

r0

]v8

]t
1¹p850, ~21!

wherer05r l(12ag0).

FIG. 2. On the left is a conceptual sketch of connected cells that models the
foam drop shown on the right.
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There is a subtlety in the above equations. The pressure
disturbancep8 in ~15! represents the pressure disturbance at
the outer radius of one cell. Once the cells are connected, this
quantity measures pressure disturbances at the connection
points of the cells. Through~21!, this pressure disturbance is
equated to a pressure disturbance in the equivalent fluid. In
addition, the outer radii of adjacent cells are assumed to co-
incide at all times. As indicated in the analysis below, the
assemblage of connected cells is replaced by an acoustic
fluid that is equivalent in the sense that it has the same
pressure–density relations.

The derivation of the linearized equation for the velocity
potential in the equivalent fluid begins by combining~15!
and ~19! to yield a pressure–density relation for the equiva-
lent fluid,

p85cb
2r81S cb

vb
D 2

r̈8, ~22!

wherecb represents the sound speed in the foam,

cb
25

3kp01~3k21!
2s

a0

3ag0r0
, ~23!

vb is the natural frequency of a bubble in the foam,

vb
25

vsb
2

12ag0
1/3, ~24!

and vsb is the natural frequency of a single bubble in an
infinite liquid,

vsb
2 5

3kp01~3k21!
2s

a0

r la0
2 . ~25!

Next, Eqs.~20!–~22! are combined to yield a wave equation
for the velocity potential. Combining the time derivative of
Eq. ~20! with the divergence of Eq.~21! results in

]2r8

]t2 5¹2p8. ~26!

Substituting this result in the Laplacian of Eq.~22! and in-
troducing the velocity potential gives

]2w

]t2 2cb
2¹2S w1

1

vb
2

]2w

]t2 D 50. ~27!

IV. NORMAL MODES OF A SPHERICAL FOAM DROP

Now consider a foam sample consisting of a spherical
liquid drop of radiusR with N spherical gas bubbles dis-
persed inside. The drop is surrounded by the same gas that is
in the bubbles and that gas is held at a constant pressurep` .
To derive formulas for the eigenfrequencies of such a foam
sample, let the velocity potential inside the foam drop be
time harmonic,

w5R$F exp~ ivt !%, ~28!

wherev is the unknown natural frequency. The substitution
of ~28! into ~27! results in the Helmholtz equation for the
complex amplitude of the velocity potential,

¹2F1k2F50, ~29!

where

k25
v2

cb
2S 12

v2

vb
2D . ~30!

Here, let us pause to compare~30! to the classic result of
a wavenumber for a bubbly mixture.31 Rewriting ~30! as

k254pa0nS v2

vb
22v2D S 12ag0

12ag0
1/3D , ~31!

allows a comparison to the classic result with damping ne-
glected,

k254pa0nS v2

vsb
2 2v2D . ~32!

These expressions differ in two ways. First,~31! has (vb
2

2v2) in the denominator while~32! has (vsb
2 2v2). Since

vb is the resonance of a bubble in the foam, we expect the
wave number to become infinite whenv5vb , and therefore
~31! is more accurate. Second,~31! has a geometric factor
involving ag0 . The numerator of (12ag0) would also ap-
pear in the classical result if the assumption ofr'r l had not
been used in its derivation. The denominator of (12ag0

1/3) is
a direct consequence of the finite liquid inertia seen by the
bubble in the bubble-in-cell model. Instead, the classical re-
sult uses a radiation mass of 4pa0

3r l that measures the iner-
tia of an infinite fluid as seen by the bubble wall. Despite
these differences, the results agree whenag0!1.

The normal mode solution of~29! is

F5 (
n50

`

Bnj n~kr !Pn~cosu!, ~33!

where the j n(kr) are spherical Bessel functions, the
Pn(cosu) are Legendre polynomials, and theBn are the
modal amplitudes. In order to compare with experiment, we
need to determine the instantaneous radius of the drop. The
velocity of the outer radius is found by evaluatingv5“F at
r 5R. Integrating to get displacement and adding the me-
chanical equilibrium radiusR0 gives an equation for the in-
stantaneous radius,

Rs5R01RS (
n50

`

bnPn~cosu!exp~ ivt !D , ~34!

where the coefficientsbn are related to those of the velocity
potential by

bn5
k jn8~kR0!

iv
Bn . ~35!

The natural frequencies of the drop are found by apply-
ing a normal stress continuity condition at the outer radius of
the drop. The pressure inside the drop is balanced by the
exterior pressurep` and the Laplace pressureps , so that
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p02r0

]w

]t U
r 5R0

5ps1p` . ~36!

The Laplace pressure is given as31

ps5sS 1

R1
1

1

R2
D , ~37!

whereR1 and R2 are the principal local radii of curvature.
Evaluating these radii using the radius in~34! gives32

ps5
2s

R0

1RS s (
n50

`
~n21!~n12!

R0
2 bnPn~cosu!expivt D .

~38!

Evaluating~36! and ~38! at equilibrium relates the exterior
and interior equilibrium pressures by

p05
2s

R0
1p` . ~39!

Substituting~28!, ~33!, ~35!, ~38!, and~39! into ~36! gives

RS r0(
n50

`
v2

k

j n~kR0!

j n8~kR0!
bnPn~cosu!exp~ ivt !D

5RS s

R0
2 (

n50

`

~n21!~n12!bnPn~cosu!expivt D . ~40!

Equating thenth coefficients in the series yields an implicit
equation for the natural frequency of the drop,

vn
25

ks~n21!~n12!

r0R0
2

j n8~kR0!

j n~kR0!
, ~41!

wherek is evaluated by settingv5vn in ~30!. This makes
the equation nonlinear invn . In the following sections, we
introduce additional assumptions that allow the derivation of
explicit forms for the breathing mode (n50) and shape
mode (n.0) natural frequencies.

A. Breathing mode natural frequency

The monopole natural frequency is found by settingn
50 in ~41!, which yields

v0
252

2sk

r0R0
2

j 08~kR0!

j 0~kR0!
. ~42!

Using an explicit expression for the spherical Bessel function
of zeroth order,33

j 0~kR0!5
sin~kR0!

kR0
, ~43!

~42! is rewritten in dimensionless form as

z2

11bz2

sinz

z
1sS cosz2

sinz

z D50, ~44!

where the nondimensional variables are

z5kR0 , ~45!

b5
cb

2

vb
2R0

2 , ~46!

s5
2s

r0R0cb
2 . ~47!

The effects of surface tension are removed by settings
50. If this is done, the solution to~44! is simply

z5mp, where m51,2,... . ~48!

Whens is small, we may seek a correction toz of the form

z5mp1«. ~49!

The substitution of~49! into ~44! leads to the solution

z5mpS 12
11bp2

p2 sD , ~50!

which is cast in dimensional form as

v0
25

vsb
2

S R0

a0
D 2 3ag0~12ag0!

~mp!2 S 112s
11bp2

p2 D112ag0
1/3

.

~51!

It is interesting to note that the effect of including surface
tension is to lower the natural frequency. It is also interesting
to note that it is possible for the foam drop to possess a
natural frequency greater than that for individual bubbles.

In Fig. 3 we plot the breathing mode frequency from
~51! as a function of equilibrium void fraction for a variety
of bubble sizes. For all bubble sizes, the frequency asymp-
totes to the single bubble, infinite fluid breathing mode fre-
quencyf sb for a zero void fraction, and increases as the void
fraction approaches unity, though the current model will not
capture the dominant physics much beyond void fractions
ag0 greater than about 0.5. The dependence of the monopole

FIG. 3. The frequency of the breathing mode versus the void fraction for
different equilibrium bubble sizes. HereR053.78 mm, s50.031 N/m, k
51.33, r l51000 kg/m3, andP`51.013105 Pa @calculated using~51!#.
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frequency on void fraction is strongest for smaller bubbles.
For wet foam drops~i.e., ag0,0.5), the strong dependence
of the breathing mode frequency on the void fraction would
allow the inference of a void fraction from the measured
breathing mode frequency given also a measurement of the
mean bubble size. If, conversely, the void fraction were
known, then a measurement of the breathing mode frequency
would yield an estimate of the mean bubble size, especially
for bubbles on the order of a micron in radius, where optical
techniques begin to fail.

When R0@a0 , the second term in the denominator of
~51! may be neglected. If we further neglect the surface ten-
sion term by settings50, we get the simplified result

v0
2'S mp

R0
D 2 kp0

ag0r0
. ~52!

For m51, this result is similar in form to the well-known
Minnaert formula31 for single bubble monopole oscillations,

vM
2 5

3ggp0

a0
2r l

, ~53!

wherer l is the density of the liquid external to the bubble.
To better see this,~52! may be rewritten form51 as

v0
2'

3kp0

R0
2reff

, ~54!

where the effective density is

reff5
3ag0

p2 r0 . ~55!

These results may be qualitatively compared to previous
results for the breathing mode of a compact bubble cloud in
water derived by several authors.34–37 In those works, the
motivation was to explain low-frequency ambient noise in
the ocean as due to collective oscillations of clouds of
bubbles. The low void fraction limit is the same, but the high
void fraction limit is not, since in the present case the high
void fraction limit corresponds to the effective mass of the
oscillator approaching zero, whereas in the bubble cloud sce-
nario, the high void fraction limit corresponds to a single
bubble of radiusR.

B. Shape mode natural frequency

The natural frequency of the shape mode is found by
nondimensionalizing~41! to

z

11bz2 5~n21!~n11!
s

2

j n8~z!

j n~z!
, ~56!

where the dimensionless variablesz, b, ands are defined in
~45!–~47!.

To find the low-frequency solution of this equation, we
assume smallz and use the asymptotic expansions for the
spherical Bessel function and its derivative,33

j n~z!'
zn

1•3•5¯~2n11! S 12
z2/2

2n13D , ~57!

j n8~z!'
1

1•3•5¯~2n11! S nzn212
~11n/2!zn11

2n13 D .

~58!

Inserting this approximation into~56! and neglecting powers
of z beyond two gives

z

11bz2 5~n21!~n12!
s

2z Fn2S 11n/2

2n13 D z2G . ~59!

There is one low-frequency solution of this equation that is
approximately equal to

z2'n~n21!~n12!
s

2 F12~n21!~n12!
s

2 S nb

2
11n/2

2n13 D G21

. ~60!

Introducing dimensional variables, performing a Taylor se-
ries abouts50, and neglecting the termnb gives

vn
2'vLn

2 S 12
~n21!~n12!~11n/2!

2~2n13!R0

3
3sag0

3kp01~3k21!~2s/a0! D , ~61!

where

vLn
2 5

n~n21!~n12!s

r0R0
3 . ~62!

HerevLn is the Lamb frequency of shape oscillations for an
inviscid and incompressible liquid drop32 of densityr0 sur-
rounded by a vacuum. Whenn52 and the second term in
the brackets is neglected, the drop frequency reduces to the
the quadrupole Lamb frequency for a fluid of effective den-
sity r0 .

Figure 4 plots the first few modal frequencies from~61!

FIG. 4. The frequency of shape moden versus the void fraction for the
same parameters as in Fig. 3 but with an equilibrium bubble size ofa0

5100 mm @calculated using~61!#.
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as a function of the void fraction for a fixed bubble size. The
quadrupole~and higher multipoles! does not show as sensi-
tive a dependence on the void fraction as the breathing mode,
which is to be expected since the quadrupole motion is a
shearing, not a compressional motion. The increase in fre-
quency with void fraction is a simple result of the decrease
of inertia. There is essentially no dependence on mean
bubble size for the range of bubble sizes treated in Fig. 3,
which means that the correction factor in Eq.~60! is much
less than unity for all practical cases.

Note that the modal frequencies described by~61! are
those for which the sole restoring force is surface tension
acting at the drop interface. This restoring force will compete
with the elastic restoring force~again surface tension, but
acting at the bubble interfaces as well!, for void fractions
above the critical void fraction. In Ref. 10, we measured a
quadrupole mode frequency of 63 Hz for a foam drop with
the same parameters as given in the caption of Fig. 3. In that
work we ascribed the restoring force to elasticity, ignoring
the contribution of surface tension, resulting in an estimate
of 75 Pa for the shear elastic modulus of the foam. Figure 4
shows that assumption to be a good one, since the current
model at void fraction of 0.77 underpredicts the quadrupole
frequency by a factor of 3. Thus, the strain energy exceeds
the free surface energy by approximately an order of magni-
tude just beyond the critical void fraction.

V. CONCLUSIONS

We have developed a nonlinear model for the oscilla-
tions of a wet foam consisting of noninteracting and mono-
disperse bubbles. By imposing the boundary conditions cor-
responding to our experimental technique, we have further
derived expressions for the normal mode frequencies for
spherical foam drops. These results, especially~51! and~61!,
should be easily verified experimentally using an apparatus
similar to that described in Ref. 10.

While we believe these results to be of sufficient scien-
tific interest on their own, our longterm goal is to use this
knowledge for rheological purposes. Thus, we note that it
appears that the most easily excited and measured mode, the
quadrupole, appears to be of limited use in the wet limit,
since it exhibits only weak dependence on the void fraction.
It may be useful near the transition to elastic behavior near
the critical void fraction since our results show that there
should be a transition between surface tension dominated
behavior, and elastic solid behavior as the void fraction in-
creases. Since dissipative effects due to bubble–bubble inter-
actions will become very important near the critical void
fraction, the modeling effort reported here must be viewed as
a first step.

The breathing mode is much more sensitive to both the
void fraction and the mean bubble size. It is much more
difficult to excite directly without simultaneously driving the
shape modes, however. Modulation of the ambient pressure,
though practically difficult, would accomplish such direct
excitation and allow a comparison with the predictions of
Eq. ~51!.
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