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Improving Model Parameters in
Vibrating Systems Using
Neumann Series
A method is presented to improve the estimates of material properties, dimensions, and
other model parameters for linear vibrating systems. The method improves the estimates
of a single model parameter of interest by finding parameter values that bring model pre-
dictions into agreement with experimental measurements. A truncated Neumann series is
used to approximate the inverse of the dynamic stiffness matrix. This approximation
avoids the need to directly solve the equations of motion for each parameter variation.
The Neumman series is shown to be equivalent to a Taylor series expansion about nomi-
nal parameter values. A recursive scheme is presented for computing the associated
derivatives, which are interpreted as sensitivities of displacements to parameter varia-
tions. The convergence of the Neumman series is studied in the context of vibrating sys-
tems, and it is found that the spectral radius is strongly dependent on system resonances.
A homogeneous viscoelastic bar in longitudinal vibration is chosen as a test specimen,
and the complex-valued Young’s modulus is chosen as an uncertain parameter. The
method is demonstrated on simulated experimental measurements computed from the
model. These demonstrations show that parameter values estimated by the method agree
with those used to simulate the experiment when enough terms are included in the Neu-
mann series. Similar results are obtained for the case of an elastic plate with clamped
boundary conditions. The method is also demonstrated on experimental data, where it
produces improved parameter estimates that bring the model predictions into agreement
with the measured response to within 1% at a point on the bar across a frequency range
that includes three resonance frequencies. [DOI: 10.1115/1.4041217]

1 Introduction

Within the past few decades, finite element models have
become heavily relied upon to predict the dynamic responses of
built structures. They provide valuable information about the
structure’s characteristics that are used for a variety of applica-
tions, ranging from design optimization to safety analysis. With
the current predominance of predicting and analyzing structural
responses, a precedence has been set on constructing accurate
models. However, due to variations in manufacturing processes or
unforeseeable alterations, it is often the case that as-built struc-
tures differ from initial designs and models. Such differences may
also occur when attempting to model damping in the structure,
which often requires additional analyses to accurately model the
energy dissipated in the built structure [1]. As a result, any dis-
crepancy between the as-built structure and model results in
model responses that do not agree with measurements and conse-
quently an inaccurate finite element model.

In an attempt to bring model responses into agreement with
measurements, efforts have been made to develop a methodology
for correcting finite element models, whose inaccuracies are
mainly attributed to inaccurate input parameters. These parame-
ters include, but are not limited to, dimensions, connection charac-
terizations, and material properties. Classically, models have been
corrected through exhaustive searches over parameter spaces;
however, such processes are very computationally expensive and
at times unfeasible [2]. These iterative processes also become
very inefficient when the structure has hysteretic material proper-
ties, due to the required new iteration at each frequency. With the
increasing complexity and size of structures, a more efficient and
robust method for correcting finite element models of damped
structures is needed.

To solve this problem, this paper proposes a methodology that
utilizes the sensitivities of a structure. By definition, the sensitiv-
ities of a system determine how the variation in the output of a
model can be apportioned to different sources of variation in the
model input [3]. In other words, the sensitivities characterize the
change in model output due to variation in the model input param-
eters. When the sensitivities of a finite element model are known,
necessary corrections to inaccurate input parameters may be easily
determined in order to bring model responses into agreement with
measurements.

Currently, an analytical expression has been found to determine
the sensitivities of a system by differentiating the eigenvalue
problem [4]. This approach, however, is limited to structures with
either proportional damping or no damping at all. In a more gen-
eral case, structures with hysteretic damping may be numerically
analyzed using the finite difference method, which estimates the
sensitivity as a first-order derivate found from either a forward,
backward, or central difference evaluation [5]. Due to the addi-
tional evaluations of the system to estimate the first-order or
second-order approximation, this method suffers from high com-
putational costs [6]. Additionally, the numerical precision and
accuracy of the finite difference method are highly sensitive to the
step size used in the approximation.

To overcome the disadvantages of the finite difference method
and iterative processes, the method presented in the paper offers a
robust and efficient analysis for accurately determining the sensi-
tivities of a structure with hysteresis in order to bring model
response into agreement with measurements. The method utilizes
the Neumann series approximation to allow for a convenient
expression for a model response that can be exactly differentiated.
The Neumann series approximation has been widely adopted in
structural mechanics for various applications such as model reduc-
tion [7], damage detection [8], analysis of mistuned blades [9–11],
and interval analysis for bounded responses [12–20]. The preva-
lent use of the approximation is attributed to its computational
efficiency when approximating the response of a perturbed
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system, as it does not require additional matrix factorizations
when a nominal is already computed. The approximation also
offers highly accurate responses when the series is convergent and
an adequate number of terms are used.

In the proposed method, the Neumann series is used to approxi-
mate the inverse of a perturbed dynamic stiffness matrix. Substi-
tuting the former into the dynamic equation of motion, an
approximation for a new displacement response is found. With the
mathematical form of the approximation, the derivatives of the
structure’s displacement response with respect to any model
parameter of interest are easily found. Interestingly, this paper
also shows that differentiating the exact equation of motion with
the perturbed dynamic stiffness matrix returns the same deriva-
tives found from differentiating the series approximation. In addi-
tion, when the exact derivatives are used to construct a Taylor
series approximation, the Neumann series is recovered. With the
computed higher-order derivatives, also considered the sensitiv-
ities of the system, either series approximation may be used to
determine the change needed in model parameters to bring model
response into agreement with measurements.

The present work provides analytical and experimental demon-
strations of the proposed methodology that determines corrections
needed in initially unknown hysteretic material properties in a
structure. For both cases, corrections to the complex modulus are
made with far fewer numerical evaluations than previous meth-
ods. In particular, the proposed method overcomes the ineffi-
ciency of trial and error iterative processes by determining the
sensitivities used for an informed correction. In addition, the
method is able to compute accurate higher-order sensitivities
without new evaluations of the system using the Neumann series
approximation.

The paper is organized as follows: In Sec. 2, an analytical basis
for the method is presented and applied to a dynamic system. The
system’s sensitivities are then determined in Sec. 3 and applied to
correcting a finite element model in Sec. 4. The method is furth-
ered in Sec. 5, by specifically correcting the hysteretic damping
properties in the model. In Sec. 6, the method is applied to a
numerical simulation of a vibrating longitudinal bar to determine
a corrected complex modulus, followed by a similar experimental
example in Sec. 7. A final numerical simulation is examined in
Sec. 8 to explore and illustrate limitations in the method. Section
9 concludes the paper.

2 Perturbation Method and Neumann Series

In this section, the Neumann series approximation is introduced
with its convergence criteria and later rearranged in preparation
for describing a perturbed dynamic system. With the established
approximation, a new expression for the dynamic equation of
motion is formulated to provide significant computational advan-
tages and a convenient mathematical form that will be utilized in
Sec. 2.1.

To begin, for F 2 C
n�n

, the Neumann series approximation for
a matrix inverse is [21]

ðI� FÞ�1 �
X1
k¼0

Fk (1)

The criteria for convergence are constructed by considering the
spectral radius formula

lim
k!1
jjFkjj

1
k ¼ q Fð Þ (2)

where qðFÞ is the spectral radius of F, defined as the largest abso-
lute value of the eigenvalues of the system, such that

qðFÞ :¼ maxfjkjjk 2 rðFÞg (3)

for the spectrum rðFÞ. From Eq. (2), when qðFÞ < 1; Fk must
converge such that [22,23]

lim
k!1

Fk ! 0 (4)

It is of particular interest to the methodology to rewrite the expres-
sion in Eq. (1) to approximate the inverse of a perturbed matrix.
Considering two matrices A;B 2 C

n�n
, the approximation is

rewritten by substituting F ¼ �A�1B into Eq. (1), and simplified
to get [24]

ðAþ BÞ�1 �
X1
k¼0

ð�A�1BÞkA�1 (5)

The criteria for convergence of Eq. (5) then become

qð�A�1BÞ < 1 (6)

2.1 Approximation and Equation of Motion. With the for-
mulated expression in Eq. (5), an approximation for the inverse of
a perturbed dynamic system may be constructed. Considering a
linear dynamic system in the frequency domain, the equation of
motion is written as

DðxÞxðxÞ ¼ FðxÞ (7)

where DðxÞ is the dynamic stiffness matrix, xðxÞ is the displace-
ment vector, and FðxÞ is the force vector. From Eq. (7), the dis-
placement response is found by

xðxÞ ¼ D�1ðxÞFðxÞ (8)

As an example, a linear dynamic system with viscous damping
will have the dynamic stiffness matrix

DðxÞ ¼ Kþ ðixÞCþ ðixÞ2M (9)

where K is the global stiffness matrix, C is the global damping
matrix for viscous damping, and M is the global mass matrix.

For the proposed method, the dynamic stiffness matrix is writ-
ten as

DðxÞ ¼ A0ðxÞ þ
XJ

j¼1

cjðxÞAjðxÞ (10)

Here, A0ðxÞ is the nominal dynamic stiffness matrix, cjðxÞ is a
change in model parameter, and AjðxÞ is the effect of its corre-
sponding parameter on the system. For example, if c1ðxÞ is some
change in density and c2ðxÞ is some change in stiffness, then the
modification matrices A1ðxÞ and A2ðxÞ would be proportional to
ðixÞ2M and K, respectively.

For simplicity, the method presented in this paper will be lim-
ited to only adjusting one parameter, such that

DðxÞ ¼ A0ðxÞ þ c1ðxÞA1ðxÞ (11)

With the new expression of the dynamic stiffness matrix, the dis-
placement response is found to be

xðxÞ ¼ ðA0ðxÞ þ c1ðxÞA1ðxÞÞ�1
FðxÞ (12)

Recognizing that the displacement response in Eq. (12) is formu-
lated with an inverse of a perturbed matrix, a new expression may
be written using the approximation formulated in the beginning of
Sec. 2. By substituting A ¼ A0ðxÞ and B ¼ c1ðxÞA1ðxÞ into
Eq. (5), the inverse of the dynamic stiffness matrix is approxi-
mated by

D�1ðxÞ �
X1
k¼0

ð�c1ðxÞA�1
0 ðxÞA1ðxÞÞkA�1

0 ðxÞ (13)
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and converges when

qð�c1ðxÞA�1
0 ðxÞA1ðxÞÞ < 1 (14)

Substituting the approximation of the dynamic stiffness matrix in
Eq. (13) into Eq. (8), an approximation for the displacement
response is found to be

xðxÞ �
X1
k¼0

ð�c1ðxÞA�1
0 ðxÞA1ðxÞÞkA�1

0 ðxÞFðxÞ (15)

Finally, recalling that A0ðxÞ is the nominal dynamic stiffness
matrix, the nominal displacement response is

x0ðxÞ ¼ A�1
0 ðxÞFðxÞ (16)

and Eq. (15) then simplifies to

xðxÞ �
X1
k¼0

ð�c1ðxÞA�1
0 ðxÞA1ðxÞÞkx0ðxÞ (17)

Equation (17) represents the approximation of a new displacement
response due to some change in the system by the parameter
c1ðxÞ. For practical purposes, the nominal matrix in Eq. (17) may
be considered to be the dynamic stiffness matrix constructed with
initial estimates for any uncertain model parameter. The corre-
sponding nominal displacement response is therefore the nominal
response given initial estimates. In Secs. 4–8, the approximation
is used to find a value for the parameter c1ðxÞ needed to bring
model predictions into agreement with experimental data.

The approximation in Eq. (17) also offers significant computa-
tional advantages over the direct solution of Eq. (12), when a
nominal response has already been computed. As one indication
of the approximation’s computational efficiency, the speedup ver-
sus order of approximation is plotted in Fig. 1 for systems with
various sizes. Here, the speedup is defined as the ratio of the
floating-point operation (FLOP) of the direct solve to the approxi-
mation. From Fig. 1, the computational advantages of the approxi-
mation may be observed by looking at a few points. For example,
with a 50th order approximation, the approximation offers a
modest speedup of 6.684 for a model with a thousand degrees-of-
freedom. However, for a model with a million degrees-of-
freedom, the same 50th order approximation offers a major
speedup of 6:667� 103. In both cases, the approximation offers a
noticeable increase in speed and efficiency even with a large order

of approximation. The evaluation of the speedup is provided in
Appendix A, where the FLOP counts for the direct solve and
approximation are computed using FLOPs for complex operations
in order to accurately illustrate the approximations’s efficiency for
damped structures.

3 Approximation and Sensitivities

In addition to the computational efficiency of the approxima-
tion, Eq. (17) also allows for a convenient expression that is easy
to differentiate with respect to the parameter c1ðxÞ. Finding the
partial derivatives of the displacement response with respect to
the parameter provides the mathematical equivalence of the sys-
tem’s sensitivities. To add clarity in the differentiation of the
series approximation, a few terms in the expansion are written out

xðxÞ � x0ðxÞ � c1ðxÞA�1
0 ðxÞA1ðxÞx0ðxÞ

þ c2
1ðxÞA�1

0 ðxÞA1ðxÞA�1
0 ðxÞA1ðxÞx0ðxÞ

þ � � � þ cn
1ðxÞðA�1

0 ðxÞA1ðxÞÞnx0 (18)

The sensitivities of the system at the nominal are found by differ-
entiating Eq. (18) with respect to the parameter c1ðxÞ, and evalu-
ating at c1ðxÞ ¼ 0, such that the first derivative is

@x xð Þ
@c1 xð Þ

����
c1¼0

¼ �A�1
0 xð ÞA1 xð Þx0 xð Þ (19)

Differentiating Eq. (18) twice, the second derivative is found to be

@2x xð Þ
@c2

1 xð Þ

����
c1¼0

¼ 2A�1
0 xð ÞA1 xð ÞA�1

0 xð ÞA1 xð Þx0 xð Þ (20)

By differentiating the approximation n times, a general expression
for the higher-order derivatives is found to be

@nx xð Þ
@cn

1 xð Þ

����
c1¼0

¼ �nA�1
0 xð ÞA1 xð Þ @

n�1x xð Þ
@cn�1

1 xð Þ
(21)

Equation (21) gives an expression for the exact derivatives found
by differentiating the approximated displacement response. How-
ever, it should be noted that the same expression is also found
when the exact equation of motion is differentiated with respect to
the parameter c1(x). Here, exact refers to the expression found
without using the Neumann series approximation. The derivation
and results are presented in Sec. 3.1.

3.1 Parallel to Taylor Series. To find the derivatives from
the exact equation of motion, the new expression for dynamic
stiffness matrix in Eq. (11) is substituted into Eq. (7)

ðA0ðxÞ þ c1ðxÞA1ðxÞÞxðxÞ ¼ FðxÞ (22)

The derivatives of the displacement are then found by directly dif-
ferentiating the equation of motion in Eq. (22) with respect to the
parameter c1ðxÞ, such that

@

@c1 xð Þ A0 xð Þ þ c1 xð ÞA1ð Þx xð Þ
� �

¼ @

@c1 xð Þ F xð Þ
� �

(23)

Equation (23) then simplifies to

A1 xð Þx xð Þ þ A0 xð Þ þ c1 xð ÞA1 xð Þð Þ @x xð Þ
@c1 xð Þ ¼ 0 (24)

By evaluating at the nominal c1ðxÞ ¼ 0, the derivative of the dis-
placement response with respect to the parameter c1ðxÞ can be
solved for and found to be

Fig. 1 Speedup of approximation for evaluation with one
parameter at one frequency
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@x xð Þ
@c1 xð Þ

����
c1¼0

¼ �A�1
0 xð ÞA1 xð Þx0 xð Þ (25)

By continuing to differentiate Eq. (22), a general expression for
the higher-order derivatives is found to be

@nx xð Þ
@cn

1 xð Þ

����
c1¼0

¼ �nA�1
0 xð ÞA1 xð Þ @

n�1x xð Þ
@cn�1

1 xð Þ
(26)

The derivatives in Eqs. (25) and (26), found by directly differenti-
ating the equation of motion, are identical to those found by dif-
ferentiating the series approximation shown in Eqs. (19) and (21).
Therefore, it can be concluded that the derivatives found from the
Neumann series expansion are in fact the exact derivatives of the
displacement response and the analytical solution for the sensitiv-
ities of the system.

Additionally, an expression for the displacement response may
also be formulated using the Taylor series approximation about
the nominal c1ðxÞ ¼ 0, such that

x xð Þ � x0 xð Þ þ c1 xð Þ @x xð Þ
@c1 xð Þ þ

c2
1 xð Þ
2

@2x xð Þ
@c2

1 xð Þ
þ � � �

þ cn
1 xð Þ
n!

@nx xð Þ
@cn

1 xð Þ (27)

Interestingly, when substituting in the expressions for the partial
derivatives from Eq. (26) into Eq. (27), the Neumann series in Eq.
(18) is produced. Although derived in different ways, both the
Neumann series and Taylor series result in the same approxima-
tion and add valuable insight to the method.

Deriving the approximation with the Neumann series provides
a clear criterion for convergence dependent on the spectral radius
in Eq. (14). Such convergence criteria are vital when determining
if the approximation is valid, as well as how many terms will be
needed for a good approximation [23]. By considering the approx-
imation in the form of the Taylor series in Eq. (27), a method for
solving for c1ðxÞ given a desired displacement response is formu-
lated. This method is presented in Sec. 4 and extends to determin-
ing a change in model parameter to get model response to match
with measurements.

4 Model Correction

In this section, the sensitivities and series approximation are
used to determine corrections needed in the model to bring the
response into agreement with measurements. Using the approxi-
mation in Eq. (27), a measured displacement response, uðxÞ, may
be approximated as

u xð Þ � x0 xð Þ þ c1 xð Þ @x xð Þ
@c1 xð Þ þ

c2
1 xð Þ
2

@2x xð Þ
@c2

1 xð Þ
þ � � �

þ cn
1 xð Þ
n!

@nx xð Þ
@cn

1 xð Þ (28)

In order for the model response to match measurements, the nec-
essary correction in model parameter, c1ðxÞ, must be determined
such that both sides of Eq. (28) are equal to each other. The deter-
mined value of c1ðxÞ will then determines the change needed in
the initially uncertain model parameter in order to bring model
response into agreement with measurements.

To solve for c1ðxÞ, Eq. (28) is rearranged to

cn
1 xð Þ 1

n!

@nx xð Þ
@cn

1 xð Þ

� �
þ � � � þ c2

1 xð Þ 1

2

@2x xð Þ
@c2

1 xð Þ

 !

þ c1 xð Þ @x xð Þ
@c1 xð Þ

� �
þ x0 xð Þ � u xð Þð Þ ¼ 0 (29)

By considering a measurement at one point on the structure and
the corresponding element’s response from the model, Eq. (29)
turns into a scalar equation

cn
1 xð Þ 1

n!

@nxm xð Þ
@cn

1 xð Þ

� �
þ � � � þ c2

1 xð Þ 1

2

@2xm xð Þ
@c2

1 xð Þ

 !

þ c1 xð Þ @xm xð Þ
@c1 xð Þ

� �
þ x0;m xð Þ � um xð Þ
� �

¼ 0 (30)

where xm is the displacement response of the mth degree-of-
freedom of the model that corresponds to the same measured dis-
placement, umðxÞ. By computing the n higher-order derivatives
with Eq. (26), and substituting them into Eq. (30), an nth order
polynomial in c1ðxÞ is returned.

With the nth order polynomial set equal to zero in Eq. (30), the
desired change in parameter, c1ðxÞ, may be found by solving for
the roots of the polynomial. However, when n is larger than one,
such that the approximation is no longer linear in c1ðxÞ, there will
be multiple roots and values of c1ðxÞ that will satisfy Eq. (30).
When this occurs, one must identify those values of c1ðxÞ for
which the approximation in Eq. (27) is accurate. This may be
done by tracking the convergence of the c1ðxÞ values, such that
each acceptable c1ðxÞ value converges as the order of the polyno-
mial is increased. It may be possible that more than one accepta-
ble value of c1ðxÞ is found, in which case one must employ other
information about the problem to obtain a unique estimate of
c1ðxÞ. For example, if the parameter c1ðxÞ is known to be real
valued, then any complex roots may be disregarded. Similarly, if
there is a known bound on the parameter, then only roots within
such bound may be considered as valid estimates.

5 Correction of Damping

In this section, the determined correction parameter, c1ðxÞ,
found from the method discussed in Sec. 4, will be considered to
be a correction on the complex modulus that characterizes damp-
ing in the structure. For a hysteretic material, the frequency-
dependent complex modulus characterizes stiffness and damping
by [25]

EðxÞ ¼ E0ðxÞ½1þ igðxÞ� (31)

where E0ðxÞ is the storage modulus and gðxÞ is the loss factor,
which is the ratio between the imaginary and real part of the com-
plex modulus. To model the hysteretic behavior in the finite ele-
ment model with just one material, the complex modulus scales a
factored stiffness matrix such that the global stiffness matrix is

KðxÞ ¼ EðxÞ ~K (32)

where ~K is the global stiffness matrix with the elastic modulus
factored out. A nominal dynamic stiffness matrix may then be
expressed as

A0ðxÞ ¼ �EðxÞ ~K þ ðixÞ2M (33)

where �EðxÞ is the initial estimate of the complex modulus. It
should be noted that a viscous damping matrix is not included
because the damping is characterized by the loss factor in the hys-
teretic complex modulus.

Since the parameter of interest is the complex modulus, the cor-
responding modification matrix is

A1ðxÞ ¼ ~K (34)

With the nominal and modification matrices, the higher-order
derivatives may easily be computed with Eq. (26) and used to con-
struct the polynomial expression in Eq. (30).
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The resulting c1ðxÞ, found from solving for the roots of the
approximation and determining the acceptable root, which mini-
mizes the error between model and measurements, determines the
change needed in the initial estimate of the complex modulus,
such that

EuðxÞ ¼ �EðxÞ þ c1ðxÞ (35)

where the label “u” refers to the updated complex modulus.
Although the analysis considers damping to be modeled with a

complex modulus, the present method may also be applied to
other linear damping models as long as the damping model can be
written in the form of a scalar–matrix product. Specifically, the
present method requires that the scalar is the damping parameter
in the model and the matrix is some portion of dynamic stiffness
matrix, such that a corresponding modification matrix may be
formulated.

6 Application to an Analytical Model of a

Longitudinal Rubber Bar

In this section, the method is applied to an analytical model of a
bar in longitudinal vibration. The purpose of this example is to
illustrate the performance of the method in a circumstance where
the corrected complex modulus may be compared to known val-
ues. For this example, the bar is considered to be homogeneous
and made of polybutadiene rubber, whose true complex modulus
has been experimentally determined by Bagley and Torvik [26].
Bagley described the complex modulus with the fractional calcu-
lus model, such that

EðxÞ ¼ E0 þ E1ðixÞa (36)

with E0 ¼ 8:14� 105 Pa, E1 ¼ 7:31� 104 Pa, and a ¼ 0:528.
In the analysis, the true modulus is used to compute the true

displacement response of the model, such that

uðxÞ ¼ ðEðxÞ ~K þ ðixÞ2MÞ�1
FðxÞ (37)

Here, the stiffness and mass matrices are constructed to model
longitudinal vibration, with both end boundary conditions mod-
eled as free ends. In the simulation, longitudinal vibration is
excited by applying an external force at each degree-of-freedom
that remains constant across frequency.

In the analysis, the nominal displacement response is computed
from the same factored stiffness matrix, mass matrix, and force
vector, but with an initial estimate of the complex modulus that
has an error of 50%, such that

�EðxÞ ¼ ð1þ dÞEðxÞ (38)

Here, d is the initial error, and �EðxÞ is the resulting initial esti-
mate of the frequency dependent complex modulus. The example
applies the method discussed in Secs. 4 and 5 to determine the
change needed in the complex modulus in order to bring the
updated response into agreement with the true response, and
match the true complex modulus. For the examples in this paper,
when there are more than one acceptable root and c1ðxÞ value,
the minimum value is chosen as the unique estimate based on the
assumption that the changes in parameter are small due to reason-
able initial estimates.

In this example, only one degree-of-freedom of the true
response and nominal response, umðxÞ and x0;mðxÞ, is used in the
analysis to simulate measurements taken at one point on the bar.
All responses plotted will therefore be the responses of the mth
degree-of-freedom. Additionally, in order to more clearly discern
the features of the vibration response over a broad frequency
range, all responses will be plotted in terms of accelerance, related
to displacement by

afrf xð Þ ¼ �x2x xð Þ
F xð Þ (39)

The true, nominal, and updated response of the absolute value of
the accelerance is plotted in Fig. 2. In this figure, the updated
response was found from an n¼ 30 approximation. Here, n refers
to the order of the polynomial in Eq. (30) used to determine the
parameter c1ðxÞ. From the figure, one observes the initial dis-
agreement between the nominal response and the true response.
Considerable disagreements occur near the highly damped
resonances, where the nominal response is offset in frequency due
to the initial error in the complex modulus. A large improvement
is observed with the updated response, which completely resolves
the true response. The accuracy of the method may also be quanti-
fied by considering the normalized error, defined by

e xð Þ ¼ jum xð Þ � xm xð Þj
jum xð Þj (40)

where xmðxÞ is the updated response of the mth degree-of-
freedom.

The logarithm of the normalized error versus frequency and
order of approximation is the plotted in Fig. 3. From observation,
the error significantly decreases as the order of approximation
increases. By the n¼ 30 approximation, all error across the spec-
trum is less than 2� 10�8. In addition to the correction in model
response, the correction in the complex modulus is of particular
interest. Figure 4 plots the true, initial, and updated frequency
dependent storage modulus and loss factor for the n¼ 30 approxi-
mation. Recalling that the initial estimate in complex modulus
had an error of 50%, the methodology was able to significantly
correct the modulus to agree with the true values.

In addition to the accuracy of the present method, the efficiency
may be observed by a comparison of the central processing unit
(CPU) time used to correct the modulus with the present method
and with an iterative approach. As an example of a standard itera-
tive algorithm, the Nelder–Mead method [27], as implemented in
MATLAB’s fminsearch function, was used to iteratively search for
the corrected modulus of the rubber bar. The implemented itera-
tive method searched for a modulus, with an initial guess equal to
the nominal modulus, that minimized the displacement error in
Eq. (40) when the updated displacement response was found with
the direct solve in Eq. (12). A maximum number of iterations was
set and the CPU time used by the iterative search was measured.
For each set maximum iteration, 100 realizations of the iterative
search were performed and the average and standard deviation for
the resulting displacement error and CPU time were computed.

Fig. 2 Absolute value of accelerance for the true, nominal, and
updated response versus frequency for the analytical rubber
bar case
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The CPU time used to correct the complex modulus with the pres-
ent method performed earlier in this section was also measured
for each order of approximation in the range of n¼ 1–30.

The error in updated displacement is plotted versus the meas-
ured CPU time in Fig. 5 for the n¼ 1–30 order of approximation
and iterative search performed with maximum iterations spanning
1–35. The results presented are for the correction performed at
1500 Hz. This comparison illustrates the efficiency of the method
compared to a simplex iterative method. In addition to minimizing
the error in a shorter time, the present method offers a smaller
change in time for each additional order of approximation. From
Fig. 5, it is observed that the change in CPU time between each
order of approximation is relatively small compared to the change
in time between an additional iteration. Although the results only
compare one iterative method, the results are able to highlight the
method’s relatively low computational cost when decreasing error
with an increase in order of approximation. Results presented are
from tests performed on a machine with a 2.9 GHz dual-core Intel
Core i5 processor (Intel, Santa Clara, CA).

7 Application to Experimental Data From a Vibrating

Rubber Bar

In this section, the method is applied to experimental measure-
ments taken on a polyurethane rubber bar, whose complex modu-
lus is unknown. A schematic of the experiment is shown in Fig. 6.

The bar was supported with light flexible cables that were fixed to
an outer test rig. The rubber bar had a diameter of 0.0254 m and a
length of 0.3048 m. A Br€uel & Kjaer (B&K, Nærum, Denmark)
DeltaTron Accelerometer Type 4534-B was mounted to one end
of the rubber bar to measure longitudinal vibration. A B&K
Impact Hammer Type 8206-002 was used to excite vibration at
the opposite end of the bar and measure the exerted transient force
on the bar. The accelerometer and impact hammer were both con-
nected to a B&K LAN-XI Type 3160 data acquisition system
which collected and recorded the data with a B&K Pulse Reflex
software interface.

In the experiment, the bar was excited with a single hammer hit
and the transient response was measured for a record length of
0:4998 s. Measurements were taken at 1600 measurement points
with a temporal resolution of 0:3125 ms. The measured data of the
transient force and acceleration are plotted in Figs. 14 and 15,
respectively, in Appendix B. The measurements are plotted in the
time window 0:08 s to 0:16 s to more clearly view the nonzero
response of the bar. The measured acceleration and force were
Fourier transformed to obtain the complex amplitude in the fre-
quency domain. The frequency-dependent displacement was then
computed from the acceleration, and the methodology discussed
in Sec. 4 was again applied to determine an updated complex
modulus.

As in Sec. 6, the response and measurements are plotted in
terms of accelerance, displayed in Fig. 7. In the results presented,
the lower frequencies below 200 Hz are omitted due to noise in
the data from the rigid body motion. However, the spectrum ana-
lyzed includes the bar’s next five longitudinal modes, after the
fundamental, which is sufficient for determining the accuracy of
the method.

For this analysis, the initial estimate of the complex modulus
was determined by matching the model response to data at the first
mode. The estimated modulus was then taken to be constant
across frequency and used to compute the nominal response. As
observed in Fig. 7, although the nominal response agrees with the
data at the first mode, the variation at higher modes indicates that
the complex modulus should indeed be changing with frequency.
Furthermore, the measurements show that the higher modes are

Fig. 3 Logarithm of normalized error, �(x), versus frequency
and order of approximation for the analytical rubber bar case

Fig. 4 True, initial, and updated storage modulus, E 0(x), and
loss factor, g(x), versus frequency for the analytical rubber bar
case

Fig. 5 Logarithm of normalized error, �(x), versus CPU time
used for the approximation method and iterative method

Fig. 6 A schematic of the longitudinal bar experiment
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much more damped than the nominal response, suggesting that
the loss factor should be increasing with frequency.

To determine the correction in the complex modulus and model
response, the same methodology used in Sec. 6 is performed with
the measured data. The response from a first and second-order
update is plotted in Fig. 7. From the figure, one may observe a
noticeable difference between the two updates, as the second-
order update is able to capture more of the second and third mode.
It is clear, though, that a higher-order approximation is needed to
fully resolve the measured response. To better correct the complex
modulus and model response, an n¼ 30 approximation is eval-
uated and also plotted in Fig. 7. From observation, the n¼ 30
approximation fully resolves the experimental data and is able to
accurately model the higher modes. Additionally, by comparing
Figs. 2 and 7 from Sec. 6, the results exhibit little dependence on
the magnitude of the response. From observation, even with a
smaller magnitude in the experimental accelerance, the present
method accurately updates the model response to agree with data.

The normalized error for each approximation is also computed
and plotted versus frequency and order of approximation in Fig. 8.
While the errors tend to increase with frequency, the n¼ 30
approximation still decreases all error to under 1%. The larger
error at the higher frequencies may be explained by considering
the original convergence criteria of the Neumann series approxi-
mation. Recalling Eq. (14), the approximation used to determine
the sensitivities of the system converges when the spectral radius
is less than one.

With the determined parameter, c1ðxÞ, and the nominal and
modification matrices used in the analysis, the spectral radius is
computed with Eq. (14) and plotted in Fig. 9. From the figure, the
spectral radius is shown to increase with frequency and approach
0.8246. While the spectral radius remains less than one across the
spectrum and maintains the convergence criteria, the larger values
at higher frequencies give rise to smaller convergence rates [23].
Consequently, at higher frequencies in this example, more terms in
the series approximation are essential for accurately determining
the sensitivities of the structure and correcting the model response.
However, with the n¼ 30 approximation, the method produces
acceptable results with errors that could be additionally reduced by
increasing the order of approximation. An analytical explanation
for the behavior of the spectral radius and the resulting limitations
to the method is discussed further in Sec. 8.

As an additional verification of the method’s accuracy in this
example, the updated storage modulus and loss factor, from the
n¼ 30 approximation, are plotted in Fig. 10. Although the results
are unable to be compared to true values, general trends may be
observed to discern the validity of the method. From the figure,
the loss factor is shown to increase with frequency after 600 Hz,

which is indicative of the damped higher modes observed in
Fig. 7. In addition, the continuous function of both the storage
modulus and loss factor are expected and observed for a hysteretic
material. Further, the seemingly large fluctuations in Fig. 10 may
leave the impression that the complex modulus is varying drasti-
cally; however, one should note that the vertical axes are scaled to
fully capture the range plotted. One may then conclude that the
fluctuations occurring are relatively small, and the determined
complex modulus from the methodology is fairly smooth and a
good estimate.

8 Application to an Analytical Model of a Clamped

Plate

In this section, a final case is examined to illustrate limitations
in the proposed method. As discussed in Sec. 7, the accuracy of
the method is largely dependent on the convergence of the series
approximation. In both the analytical simulation and experimental
example in Secs. 6 and 7, respectively, the convergence criteria
were met throughout the entire spectrum. However, in the next
example, the effects and implications of divergence will be
examined.

In this numerical example, the method is applied to an analyti-
cal model of a square clamped plate. The stiffness and mass matri-
ces for the finite element model were obtained from Set
BCSSTRUC1 of the publicly available Harwell-Boeing collection
[28]. In addition to the structure and model, the main difference in

Fig. 7 Absolute value of accelerance for the nominal and
updated responses, and experimental data versus frequency
for the experimental rubber bar case

Fig. 8 Logarithm of normalized error, e(x), versus frequency
and order of approximation for the experimental rubber bar case

Fig. 9 Spectral radius, q(2c1(x)A21
0 (x)A1(x)), versus frequency

for the experimental rubber bar case
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this example is the material used to model the plate. In contrast to
the previous examples, the plate is modeled as steel, a nonhyste-
retic material with considerably less damping than rubber. For the
example, the true modulus is taken to be

E ¼ 200� 109ð1þ :001iÞPa (41)

where 0.001 is considered to be the loss factor of steel [29]. As a
result, the original matrix from the collection, which was real
symmetric positive definite, is modified such that

K ¼ ð1þ :001iÞKo (42)

where Ko is the original stiffness matrix from the collection. The
initial estimate of the modulus has an error of 25% and is com-
puted with Eq. (38). With the true and initial estimate of the mod-
ulus, the true, nominal, and updated displacement responses are
computed with the same method used in Sec. 6. The accelerance
for the three responses are plotted in Fig. 11, where the updated
response was computed from an n¼ 30 approximation.

From observation of Fig. 11, there is a clear disagreement
between the updated and true response near the three resonances,
but good agreement at other points in the spectra. The accuracy of
the updated response may also be quantified with the normalized
error versus frequency and order of approximation, plotted in
Fig. 12. From the plot, instead of decreasing, the error remains
fairly constant with order of approximation in the three frequency

bands near resonance. Furthermore, within the frequency ranges
0:907� 0:972 kHz; 1:843� 1:978 kHz, and 2:705� 2:850 kHz,
the normalized error tends to increase with the order of approxi-
mation, i.e., diverge instead of converge. This implies that addi-
tional terms in the approximation are actually decreasing the
accuracy of the sensitivities and update.

The trend in these three frequency ranges is attributed to the
convergence criteria of the series approximation, and ultimately
the system’s spectral radius. In Fig. 13, the spectral radius com-
puted with Eq. (14) using the determined parameter and nominal
and modification matrices of the example is plotted versus fre-
quency. In the same frequency ranges where the error tends to
increase, the spectral radius is larger than one and the series
approximation is divergent. Consequently, each additional term in
Eq. (18) will increase instead of decrease toward zero, resulting in
the increase in error with order of approximation. Due to the
inherent dependence of convergence and error on the spectral
radius, Sec. 8.1 analyzes the behavior of the spectral radius with
respect to resonance, structural damping, and the initial parameter
estimate.

8.1 Behavior of the Spectral Radius. Comparing Figs. 11
and 13, it is observed that the spectral radius tends to increase
near resonance. This general trend may be explained by consider-
ing the original eigenvalue problem that determines the spectral
radius in Eq. (14), such that

ð�c1ðxÞA�1
0 ðxÞA1ðxÞÞv ¼ kv (43)

where v and k are an eigenpair of the system. Recalling that
A0ðxÞ is the nominal dynamic stiffness matrix, its inverse can be
written as

A�1
0 xð Þ ¼

XN

n¼1

/n/
T
n

x2
n þ i2fnxnx� x2

(44)

where xn are the natural frequencies, fn are the modal damping
ratios, and /n are the mass normalized mode shapes for mode n.
The expression in Eq. (44) may be also be written as

A�1
0 xð Þ ¼ S xð ÞQN

n¼1

x2
n þ i2fnxnx� x2

(45)

where the above-mentioned denominator is the common denomi-
nator from the sum in Eq. (44), and SðxÞ is the resulting fre-
quency dependent numerator found by

Fig. 10 Updated storage modulus, E 0(x), and loss factor, g(x),
versus frequency for the experimental rubber bar case

Fig. 11 Absolute value of accelerance for the true, nominal,
and updated response versus frequency for the analytical steel
plate case

Fig. 12 Logarithm of normalized error, �(x), versus frequency
and order of approximation for the analytical steel plate case
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SðxÞ ¼
XN

n¼1

/n/
T
n

Y
m ¼ 1

m 6¼ n

Nðx2
m þ i2fmxmx� x2Þ

h i
(46)

Substituting the expression in Eq. (45) into Eq. (43) and rearrang-
ing, the eigenvalue problem becomes

ð�SðxÞA1ðxÞÞv ¼ ~kv (47)

where ~k is the modified eigenvalue in Eq. (47) and is related to
the eigenvalue from Eq. (43) by

k ¼ c1 xð Þ ~kQN
n¼1

x2
n þ i2fnxnx� x2

(48)

Examining the modified eigenvalues, ~k, it is evident from Eq. (48)
that the original eigenvalues, k, will tend to increase near reso-
nance. Further, based on the definition of the spectral radius in Eq.
(3), the increase of eigenvalues near resonance results in the
observed increase in spectral radius. Equation (48) also illustrates
the spectral radius’s dependence on the structure’s damping. For
structures with light damping, such as the steel bar from this sec-
tion’s example, the spectral radius will be even larger at reso-
nance, which resulted in a divergent series in the example.
Alternatively, although there was still an increase of spectral
radius at resonance for the experimental rubber bar evident in
Fig. 9, the damping was much higher, resulting in the relatively
smaller spectral radius and convergence throughout the spectrum.

Additionally, from observation of Eq. (48), the eigenvalue and
spectral radius are also dependent on the determined correction
parameter c1ðxÞ. Therefore, for good estimates that result in a
small parameter change, the spectral radius will also be small.
This is illustrated in Figs. 7 and 9, from the experimental example.
Recalling that the nominal complex modulus was determined by
fitting the first mode between 200� 300 Hz, the resulting correc-
tion, c1ðxÞ, was small in that frequency range. As a result, from
Eq. (48) and observed in Fig. 9, the spectral radius at the first
mode is much smaller compared to those at the higher modes. The
observed increase of the spectral radius at higher frequencies and
modes is similarly due to the fact that the nominal estimate of the
hysteretic complex modulus is no longer a good estimate of the
true value that is changing with frequency. The correction param-
eter, c1ðxÞ, therefore tends to increase with frequency and scales
the local increases experienced at resonances.

As observed in both the analytical examples and the experimen-
tal example, maintaining the convergence criteria is paramount

for the accuracy of the methodology. Comparing the spectral
radius and normalized error from the experimental example in
Sec. 7, Figs. 8 and 9, and the numerical example in this section,
Figs. 12 and 13, an increase in spectral radius has an associated
increase in error due to either a slower convergence rate or non-
convergence [23]. When the spectral radius increases above one,
such that the series is divergent, the method is no longer valid
resulting in large errors that may also increase with the order of
approximation. Therefore, one must be aware of the spectral
radius of the system that tends to increase near resonance and is
generally larger for structures with lighter damping.

9 Conclusion

The present method provides an efficient and accurate means of
correcting uncertain finite element model parameters in order to
match model response with measurements for damped structures
with hysteresis. The method expresses the dynamic stiffness matrix
as a sum of a nominal and a modification matrix, and utilizes the
Neumann series approximation to analytically determine the sensi-
tivities of the structure. The sensitivities are then used to determine
the necessary change in model parameter by solving for the roots
of a polynomial. In contrast to iterative methods and the finite dif-
ference method, the presented method does not require any addi-
tional direct solves when correcting model responses.

The method offers the distinct advantage of efficiently deter-
mining frequency dependent material properties from rough esti-
mates when the series approximation is convergent. While the
method appears to produce large errors near resonances, this
weakness may be overcome by increasing the number of terms in
the series to ensure convergence. When the series converges,
updated model responses may be found that agree with measure-
ments by accurately correcting model parameters.
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Appendix A: Evaluation of Speedup

To determine the speedup, the FLOP counts for both the direct
solve and approximation are computed using FLOPs from com-
mon operations listed in Tables 1 and 2. Table 1 contains FLOP
counts for real-valued operations, which are useful for undamped
systems and for deriving FLOP counts for complex valued opera-
tions, listed in Table 2. For the following analysis, the complex
FLOP counts will be used in order to accurately model damped
structures.

Considering the direct solve in Eq. (12), the new displacement
response is found by a scalar–matrix product, matrix–matrix sum,
lower-upper (LU) factorization, and a forward and back substitu-
tion. For an N degree-of-freedom system, the total FLOP count
for the direct solve is

FLOPdirect ¼
16

3
N3 þ 16N2 (49)

The FLOP count for the approximation may also be computed by
considering an nth order approximation, such that k¼ n in Eq.
(17). The series approximation will then be a sum of nþ 1 vec-
tors, where each vector, excluding the nominal, is computed by a:

Fig. 13 Spectral radius, q(2c1(x)A21
0 (x)A1(x)), versus fre-

quency for the analytical steel plate case
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matrix–vector product, forward and back substitution, and a
vector–scalar product. The resulting FLOP count for an N degree-
of-freedom system and an nth order approximation is

FLOPapp ¼ nð16N2 þ 6NÞ (50)

The speedup factor is then found by taking the ratio of the direct
FLOP to the approximate FLOP, such that

speed up N; nð Þ ¼
16
3

N3 þ 16N2

n 16N2 þ 6Nð Þ (51)

Where again it should be noted that both methods assumed that a
nominal response was already computed.

Appendix B: Experimental Data
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