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Identification and application of dynamic uncoupling between
modifications to vibrating systems
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SUMMARY

This paper develops and demonstrates a strategy for identifying the lack of dynamic interaction, or coupling,
between potential design modifications to a vibrating base structure. Such decoupling may be exploited to
efficiently compare the performance of competing engineering designs. In particular, it is shown how dif-
ferent design modifications may be represented as the addition or removal of substructures. When these
substructures are uncoupled according to the metric developed here, the computational cost of determining
the optimal system design can be greatly reduced. For example, if a designer considers seven possible modi-
fications and wishes to examine all possible combinations of the modifications, 128 possible structures must
be analyzed. However, if all modifications are dynamically uncoupled, significant computational effort need
only be spent on eight of the possible structures in order to generate the responses for all remaining designs.
Example problems demonstrate this cost reduction and illustrate cases where dynamic uncoupling occurs.
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1. INTRODUCTION

The following design scenario often occurs: it is desired to improve the vibrational response of a
base structure with respect to some performance metric, and several potential modifications that
may do so have been identified. For the work presented here, these modifications are assumed to
have the following properties.

� Each modification is a discrete change to the design.
� The modifications may be applied independently of one another.
� The base structure and modifications are modeled by impedance matrices.

These assumptions certainly restrict the types of modifications that may be analyzed, although it
should be recognized that a wide range of design changes may still be accommodated in such a
manner. This includes changes to dimensions and properties as well as the addition or removal of
components of the design, as will be demonstrated in a later section. The design challenge is then
to determine the best-performing set of modifications with respect to the performance metric. This
is classified as a combinatorial optimization problem in general.

One example of the type of problem this paper focuses on is given by an airplane wing that has
several attached avionics devices, but the mounting locations of each have yet to be determined. The
modifications considered in this problem are the presence of a particular device at one of its possi-
ble locations. Another example comes from the problem studied in the truss topology optimization
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(TTO) literature, the mathematics of which will be discussed further momentarily. The TTO design
problem concerns determining the optimal configuration of a structural truss such that it supports a
given load while minimizing weight or some other characteristic – meaning that TTO’s modifica-
tions under the current framework are the location and/or properties of the truss’s members. In these
cases and others that designers must consider, the various modifications of the system may have a
variety of effects on the overall structure dynamics. Additionally, and of more interest to the current
work, the various modifications may or may not dynamically interact with each other and know-
ing when and where this occurs could lead a designer to further insight into the problem as well as
computational savings if properly taken into account.

This work first presents a mathematical framework for identifying advantageous dynamic proper-
ties of the system. In particular, the dynamic interaction, or coupling, of the modifications is studied.
This is accomplished by viewing the modifications as substructures that are modeled by impedance
matrices. The modifications are assumed to be evaluated according to a performance metric that
requires a forced response frequency sweep of the structure, and in this case, it is shown that a mea-
sure of the dynamic coupling between modifications appears as a force residual in the equations
of motion. This gives users a well-defined basis for neglecting the effects of coupling when this
residual is sufficiently small. The dynamic uncoupling analysis is then applied to accelerate the opti-
mization problem resulting from the design challenge. When the modifications are uncoupled, it is
shown that the optimal set of modifications may be determined at a much-reduced cost.

As this problem regards the system as a collection of components (i.e., the base structure and
the modifications), it has close ties with substructuring techniques, although it has a different focus
than the majority of the substructuring literature. The earliest of such methods were published
decades ago, beginning with Hurty [1] and then Craig and Bampton [2]. Even today, the Craig
and Bampton method is perhaps the most popular substructuring technique; however, many others
have been developed. For an excellent summary of the substructuring literature, we refer the reader
to de Klerk’s review [3]. Each of these techniques provide for the formulation of the equation of
motion for the assembly of several components, typically with a model reduction step at the compo-
nent level. The procedure presented here is an efficient means of solving the optimization problem
within the framework of a substructured system. As will be discussed later, the mathematics uti-
lized here are general enough to accommodate any linear system with or without any substructuring
technique applied.

The design challenge studied in this problem is, in general, classified as a combinatorial opti-
mization problem because it is desired to find the best possible combination of objects out of a
finite set with respect to an objective function. In this case, the set of interest is that of the potential
modifications, and the objective function is the performance metric related to steady-state forced
response. In general, combinatorial optimization problems are very difficult to solve. In fact, for
problems that are classified as NP and its more difficult variants NP-Complete and NP-Hard, no
known efficient algorithm exists for their solution. For these types of problems, exhaustive search
of all possible combinations may be the only recourse to determine the optimal solution in general.
For further reading on classical combinatorial optimization, see Papadimitriou’s introductory text
[4] and Schrijver’s comprehensive three-volume series [5].

One branch of optimization research that has a similar structure to the problem studied here
is truss topology optimization. TTO seeks to determine the optimal shape of a truss in order to
minimize quantities like weight or compliance while still supporting a specified external forcing.
For readers interested in a review of TTO efforts, Stolpe [6] provides an detailed review includ-
ing commentary on the state of the field. However, despite some similarities in their mathematical
structure, the modification problem studied here is more general problem than that of TTO. This is
primarily because of two factors. Here, the modifications under consideration are allowed to have
almost arbitrary dynamic characteristics whereas TTO only considers beam element components.
Also, this work optimizes the full dynamic response of the structures while usually TTO is a static
optimization. A few authors have studied optimization of dynamic truss structures, most notably
Tong et al. [7] and Gomes [8], both of whom examine optimization mode location and other dynamic
properties. However, both of these works make restricting assumptions that make their methods
unsuited for the generality of the current problem. The complexity of the TTO problem was studied
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by Yates et al. [9] and was found to NP-Hard. As the problem studied here is a more difficult prob-
lem than TTO, it is also believed to be NP-Hard although this has not been formally proven. This
motivates the exhaustive search algorithm presented here.

To the best knowledge of the authors, a method for identifying dynamic decoupling and lever-
aging that information to perform optimization has never been studied or published before. This is
with the exception of the present authors’ conference presentation, [10], which discussed only pairs
of modifications.

The remainder of this text is organized as follows. Section 2 will present the basic mathemat-
ics of dynamic coupling estimation between modifications to vibratory structures. Section 3 then
goes on to outline an algorithm for capitalizing on any dynamic uncoupling present in the system.
Section 4 presents several example calculations demonstrating cases where uncoupling occurs and
the approach’s reduced computational cost. Finally, Section 5 summarizes and draws conclusions.

2. IDENTIFICATION OF DYNAMIC UNCOUPLING

The goal of this section is to present the overall framework of a vibrating structure undergoing
modifications and the resulting effects on the system’s steady state response. Section 2.1 discusses
the assumed impedance matrix models of the base structure and modifications and how they interact
with one another and a demonstration of this modeling scheme is presented in Section 2.2. Next,
Section 2.3 derives and discusses the ‘coupling residual’ for a pair of modifications. Section 2.4
then goes on to examine a particular three-modification example problem that is used to illustrate
the effects of certain choices in the analysis. Arbitrary numbers of modifications are treated in
Section 2.5 which defines the ‘group response’ for a set of modifications and derives a measure
of the coupling between two disjoint sets of modifications. Finally, Section 2.6 discusses the error
generated by the various approximations including the effects of residuals generated by numerical
matrix equation solvers.

To begin, let us summarize the terminology and notations used throughout this paper. The primary
system of interest will be referred to as the base structure. The base structure is being analyzed
with respect to a set of possible modifications that may be applied either singly or in groups. We
will use the term assembly to refer to the system resulting from applying one or more modifications
to the base structure. In equations, the subscript b will be reserved for terms relating to the base
structure and other Latin character subscripts will be used to refer to quantities which are specific
to a single modification, such as j or k. When a set of modifications needs to be considered, Greek
subscripts will be used to denote related terms, for example, ˛ or ˇ, and the set of all modifications
under consideration will be denoted by �. Note that typical set notation conventions will be used as
necessary: i 2 ˛ refers to a general single modification, i , in the modification set ˛.

2.1. Impedance formulation

Perhaps one of the most general descriptions of the dynamics of a vibratory system utilizes the
impedance matrix, Z.!/, to relate the external forces applied to the system, f.!/, and the velocities
of the system degrees of freedom (dofs), v.!/.

Z.!/ v.!/ D f .!/ (1)

The only assumption necessary to form the impedance matrix is that the system is linear or lin-
earizable. Also, note that it is typically generated using a finite element approach, although this is
by no means a requirement. The impedance matrix is usually large and sparse such that solving
the matrix equation for the velocities can be quite costly. This cost is exacerbated when the system
must be solved at many frequencies in some range of interest, as in frequency sweep problems. For
the remainder of this paper, the frequency dependence of terms will not be explicitly denoted, but
should be understood from context.

The base structure impedance matrix is defined as Zb and each of the modifications is also
modeled by an impedance matrix, Zi . The modification impedance matrices are defined such that
computing the impedance matrix for an assembly is a matter of summing the component impedance
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matrices in a global set of dofs. For example, the assembly impedance matrices for modification i
and modification set ˛, denoted by Ai and A˛ , are shown in Equations 2 and 3, respectively.

Ai D Zb C Zi (2)

A˛ D Zb C
X
j2˛

Zj (3)

For convenience, we will also use the notation Z˛ to refer to the sum of just the modification
impedance matrices in set ˛. Therefore, we may write A˛ D Zb C Z˛ , as an abbreviated version
of Equation 3.

It should be noted that if a reduced-order substructuring technique has been applied to one or
more of the system components, an impedance matrix may still be computed from the resulting
model. Therefore, dynamic coupling may still be estimated within any substructuring framework.
However, the errors due to any approximation made during the component level reduction are not
taken into account here.

Additionally, care must be taken to handle the aforementioned global set of dofs necessary for this
problem. Expressing a component’s impedance matrix in this global set requires the concatenation
and/or insertion of many rows and columns of zeros when compared with the basic finite element
analysis formulation. This causes any assembly involving only some of the dofs to be rank deficient
by definition. For example, if the response of assembly resulting from modifications in ˛ is desired,
then the following equation must be solved

A˛v˛ D f : (4)

However, the artificial singularities must be removed from the problem before the matrix factor-
ization may be performed. To do this, define a boolean transformation matrix, B˛ , that identifies
the dofs present in the assembly from the global set. This smaller set of dofs will be termed the
active dofs for a given assembly. The solution to Equation 4 is defined by first reducing the dynamic
stiffness matrix and forcing vector to only the active dofs.

v˛ D B˛y˛ (5)

where BT˛A˛B˛y˛ D BT˛ f (6)

In the sake of brevity, this process of solving a system response within the active dofs will be denoted
by the symbol,

a
D, as in

A˛v˛
a
D f : (7)

2.2. Impedance formulation example problem

In order to better understand the impedance-based substructuring scheme used here and how it
relates to design modifications, consider the system illustrated in Figure 1.

The base structure is a beam constrained to have zero slope at its left end and free at its right end.
It is made of a material with a Young’s modulus E and a density � and has a uniform cross-section
with moment of inertia I and area A. The dofs of the beam are defined as v1, the lateral velocity at
its left end; and v2 and P� , the lateral and angular velocity of the beam at its right end, respectively.
These definitions may be seen in Figure 1a.

Three modifications are considered for this example problem and are illustrated in Figure 1b.
Modification 1 is defined as the addition of a ‘grounding’ spring to the left end of the beam with
a spring constant of k1. Modification 2 is a change in beam cross-section geometry such that the
moment of inertia becomes I C�I and the area is changed to AC�A. Finally, modification 3 is
defined by the addition of a mass, m3, hung off the right end of the beam by a spring with stiffness
k3. Note that the inclusion of the mass requires the definition of a new dof: its vertical velocity, v3.
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DYNAMIC UNCOUPLING OF MODIFICATIONS 537

Figure 1. Illustration of example system considered in Section 2.2. (a) Base structure defined as a beam
guided at one end (having zero slope) and free at the other with the indicated degrees of freedom definitions
and properties. (b) Modification depictions: modification 1 is the inclusion of spring k1, modification 2 is

the change of beam geometry, and modification 3 is the addition of mass m3 and spring k3.

The base structure may be modeled using a single Euler–Bernoulli beam finite element, resulting
in mass and stiffness matrices, M and K, as formulated in Equations 8 and 9, respectively. Both of

these matrices have been constructed assuming a dof ordering such that yb D
h
v1; v2; P�

iT
.

M D
�AL

420

2
4 156 54 �13L

54 156 �22L

�13L �22L 4L2

3
5 D AMe (8)

K D
EI

L3

2
4 12 �12 6L

�12 12 �6L

6L �6L L2

3
5 D IKe (9)

For convenience, the dependence of these matrices on the parameters A and I have been denoted
by factoring all remaining terms into matrices Me and Ke as seen in the preceding equations.

However, as discussed in Section 2.1, when defining the base structure impedance matrix, all dofs
must be taken into account. In this case, that means inserting a row and column of zeros describing
the action of the beam alone with v3. Taking the global set of degrees to be ordered such that

v D
h
v1; v2; P�; v3

iT
, the base structure impedance is defined as

Zb D
�
I
i!

Ke C i!AMe 031
013 0

�
: (10)

The notation 0ij is used here to denote a matrix of size i � j filled with zeros. Additionally, recog-
nize that computing the response base structure vibration alone would require the definition of the
Boolean matrix

Bb D
�

I3
013

�
; (11)

where In is the n � n identity matrix. The computation of vb would then proceed as described in
Section 2.1.

Following a similar modeling procedure, the impedance matrices of modification 1 and modifi-
cation 3, Z1 and Z3, respectively, are fairly straightforward to determine.

Z1 D
�
k1
i!

013
031 033

�
(12)

Z3 D

2
664
0 0 0 0

0 k3
i!

0 �k3
i!

0 0 0 0

0 �k3
i!
0 k3
i!
C i!m3

3
775 (13)
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Note that care has been taken to ensure the correct insertion of rows and columns of zeros such that
the modifications interact with the appropriate dofs within the global set. Also, note that summation
of one or both of Z1 and Z2 with Zb lead to the correct impedance matrix for the resulting assembly.

Modification 2 gives an example of a case where it is not immediately apparent how the design
modification maps onto the substructuring framework used here. In such cases, the notion of adding
the component impedance matrices in order to define the assembly impedance is used as a guide.
For this example, we desire the assembly impedance A2 D Zb C Z2 to be equivalent to that of a
beam with cross-section giving a moment of inertia of I C�I and area AC�A. With this in mind,
it is easily seen that the correct definition of Z2 is

Z2 D
�
�I
i!

Ke C i! .�A/Me 031
013 0

�
: (14)

It is important to note how generally this technique may be applied. Given any modification to
the base structure such that the impedance of the resulting structure may be computed, the appro-
priate modification impedance matrix may be computed by subtracting the impedance of the base
structure alone.

2.3. Coupling residual and coupling response

Identification of the dynamic coupling between modifications requires computing the response of
various assemblies in several pieces, each of which corresponds to a particular dynamic effect. Then,
much as an assembly’s impedance matrix is the sum of the component impedance matrices, the
assembly response is computed by the sum of these pieces.

To begin, define the base structure response, vb , and the single modification assembly responses,
vi , according to Equations (15) and (16), respectively.

Zbvb
a
D f (15)

Aivi
a
D �Zivb (16)

Note that the single modification responses depend on that of the base structure and so the base struc-
ture response must be computed first. Physically, these single modification responses represent the
change in response occurring when their modification is applied to the base structure, respectively.
Thus, to compute the response of the assembly with only modification i applied, the base response
and i’s single modification response must be summed together. It is straightforward to verify that

ai D vb C vi (17)

satisfies Aiai
a
D f : (18)

Next, consider an assembly that utilizes two distinct modifications to the base structure, for exam-
ple, modifications i and j . Physically, uncoupling between modifications arises when their effects
on the structure do not depend on one another. Under the mathematical framework presented here,
this would occur if superposing their single modification responses with the base response results
in the forced response of the assembly. This may be examined by computing the residual, r, in the
following equation.

A¹i;j º
�
vb C vi C vj

�
D fC r (19)

, r D Zivj C Zj vi (20)

While this residual is certainly non-zero in general, it provides a measure of the dynamic interaction
between modifications i and j . Thus, the coupling residual and normalized coupling residual, c¹i;j º
and c¹i;j º, respectively, are defined.

c¹i;j º D Zivj C Zj vi (21)

Copyright © 2016 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2017; 109:533–554
DOI: 10.1002/nme



DYNAMIC UNCOUPLING OF MODIFICATIONS 539

c¹i;j º D
��c¹i;j º

�� = kfk (22)

If the coupling residual is small enough, then the interaction between the two modifications may be
neglected from the problem. Many definitions of ‘small enough’ could be conceived, but here we
will use the coupling residual magnitude normalized by that of the external forcing. Modifications
will be considered uncoupled if the normalized coupling residual is less than some user-specified
tolerance, ı.

If two modifications are found to be dynamically coupled, a new response field must be com-
puted. One option for this new response field will be defined as the coupling response, v0

¹i;j º
, and

comes about if the new response is desired to superpose with both the base and single modification
responses in order to form the assembly response.

a0¹i;j º D vb C vi C vj C v0¹i;j º (23)

It may be shown that computing v0
¹i;j º

according to

A¹i;j ºv
0
¹i;j º

a
D �c¹i;j º (24)

gives the correct assembly response.
The name ‘coupling response’ is derived from the fact that v0

¹i;j º
contains only the dynamic effects

due to coupling between the two modifications. This may be a useful feature depending on the
application of the user. However, the choice of coupling response has a few potentially undesirable
features relating to higher-order sets of modifications and the error arising from the approximation.
These will be discussed in Sections 2.4 and 2.6, respectively.

2.4. Three-modification example problem

Consider the scenario where the modification set ˛ D ¹i; j; kº is applied to the base structure.
Further, let us assume that modification k is uncoupled from both modifications i and j , but i
and j are coupled to one another. Therefore, c¹i;kº and c¹j;kº are both less than ı, but c¹i;j º is
non-negligible.

If the coupling response for modifications i and j is computed, then the assembly response is
assumed to take the form

a0˛ D vb C vi C vj C vk C v0¹i;j º : (25)

It may be shown that the residual in the equation A˛a0˛
a
D fC r0 must be

r0 D c¹i;kº C c¹j;kº C Zkv0¹i;j º : (26)

While the two coupling residuals on the right-hand side are assumed to be negligible, the third
term is undefined as yet. However, the form of the term indicates that it arises due to an interaction
between modification k and the coupling effects of modifications i and j .

This interaction may be clarified by making a different choice on how to handle the coupling
between modifications i and j . Instead of using the coupling response as defined by Equation 24,
the new response is taken relative to the base response alone. Thus, the desired approximation is

a¹i;j º D vb C v¹i;j º ; (27)

and it may be shown that the response v¹i;j º computed via

A¹i;j ºv¹i;j º
a
D �Z¹i;j ºvb (28)

gives the correct assembly response. The response field v¹i;j º will be referred to as the group
response of the modification set ¹i; j º. Note that Equation 28 is very similar in form to Equation 16
giving the single modification response. This is where the term ‘group response’ derives from: it
describes all the effects of modifications i and j acting as a group on the base structure, including
their coupling dynamics.
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Returning to the modification set ˛ defined previously, if the group response of modifications i
and j has been computed, the assembly response approximation is

a˛ D vb C v¹i;j º C vk : (29)

The residual arising in the assembly response equation, A˛a˛
a
D fCr, because of this approximation

may be shown to be

r D Zkv¹i;j º C Z¹i;j ºvk : (30)

Comparing Equation (30) with Equation (26), it is seen that using the group response removes the
i-k and i-j coupling residuals, but gives rise to two previously undefined terms. However, in this
case, these undefined terms take a familiar form: they appear to be a coupling residual between the
modification set ¹i; j º and the single modification k.

Using both of these responses, let us discuss the physics of this situation. It is assumed that
modification k is uncoupled from i and j individually; however, it may be possible that modification
k is coupled to the set ¹i; j º. The residual due to the group response is explicitly factored in this
fashion. However, the group response does not reveal how this coupling arises. Logically, this would
only occur if the coupling between modifications i and j introduces dynamic effects that cause k
to become coupled to the set. This is seen in the residual because of the coupling response as the
only possibly large term is Zkv0

¹i;j º
and by recalling that the coupling response only contains the

dynamic effects of the interaction between i and j .

2.5. Group response and set coupling residual

As motivated in the preceding section, the group response has convenient properties when dealing
with sets of modifications. With regard to a general set of modifications, ˛, the group response, v˛ ,
is computed by solving

A˛v˛
a
D �Z˛vb : (31)

It was shown in the three-modification example that using the group response led to the residual
to appear in the same form as the coupling residual derived for two single modifications. This is, in
fact, a general result. Given two disjoint modification sets, ˛ and ˇ, with known group responses v˛
and vˇ , a set coupling residual and its normalized version may be defined as

c¹˛;ˇº D Z˛vˇ C Zˇv˛ (32)

and c¹˛;ˇº D
��c¹˛;ˇº

�� = kfk ; (33)

respectively. The set coupling residual is precisely that resulting from approximating the assembly
response of the structure with the modifications from both sets ˛ and ˇ applied to the base structure,
that is, �

Ab C Z˛ C Zˇ
� �

vb C v˛ C vˇ
� a
D fC c¹˛;ˇº : (34)

When the set coupling residual between ˛ and ˇ exceeds the user-defined tolerance, ı, then the new
modification set � D ˛ [ ˇ is formed and its group response must be computed.

Note that the requirement that ˛ and ˇ be disjoint means that they must not share any modifi-
cations. This is a practical requirement as any of the effect of repeated modifications would be to
apply the modification to the structure multiple times.

It is important to recognize that the coupling response and group response account for precisely
the same dynamics in the system. However, there are benefits and drawbacks to each formulation.
Physically speaking, the coupling response is convenient because it contains information solely
on how the modifications dynamically interact with one another, while the group response also
includes information regarding the coupled system interacting with the base structure. In terms of
a computational algorithm, the appeal of the coupling response is that once the coupling residual
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has been computed — as is required to determine whether a new response is necessary — it is then
fed directly into the appropriate matrix equation to compute coupling response. The group response
requires computing the auxiliary forcing term on the right-hand side of Equation 28, although it
should be noted that this is a fairly minor cost compared with other operations in the analysis.
Additionally, note that the equations for group response and set coupling residual have identical
form to those derived for single modifications in Section 2.3. Thus, the choice of group response
allows the user to determine the coupling status of arbitrary combinations of modifications in a
consistent manner.

One final result needs to be presented concerning multiple sets of modifications in order to
compute the error resulting from the uncoupling approximations. Let ˛n for n D 1; : : : ; m be
m mutually disjoint sets of modifications — meaning that no two sets share any modifications.
Consider the approximate assembly response generated by superposing the group response of each
˛n. "

Ab C
mX
nD1

Z˛n

#0@vb C
mX
pD1

v˛p

1
A a
D fC r (35)

The residual vector, r, in Equation (35) may be shown to have the following form.

r D
mX
nD1

2
664

mX
pD1
p¤n

Z˛nv˛p

3
775 D X

n;p

c¹˛n; ˛pº„ ƒ‚ …
n;p all unique pairs

of integers in 1; :::;m
without repetition

(36)

The rightmost equality is verified by a rearrangement of the terms explicitly given in the double-sum.
This result is particularly interesting if the modification sets ˛n are mutually uncoupled, meaning
that all possible pairs of the sets are uncoupled, thereby allowing the rightmost sum to be bounded
by
�
m
2

�
ı, where

�
m
2

�
is the usual binomial coefficient.

2.6. Approximation error and inexact matrix solvers

Because the effects of coupling appear as a force residual in the matrix equation, it is important
to consider other sources that may cause non-zero residual. In particular, those associated with the
matrix solver must be taken into account.

At a given frequency, a matrix solver computes the forced response of a system such that the
corresponding force residual is small. In the case of an iterative solver, the convergence is typically
directly monitored through the residual, and with a direct solver the residual will be on the order
of machine precision unless the matrix is ill-conditioned. For the following, it is assumed that the
matrix solver available is able to provide a sufficiently accurate solution so that Equation 37 holds.

Av D fC r

such that krk = kfk < �
(37)

Note that the normalized residual, krk = kfk, is again used as the measure of accuracy of the forced
response and that the tolerance reached by the solver is defined by �.

Let us reexamine the various equations building up to the set coupling residual with the inexact
matrix solver taken into account. The base structure response and group response field are actually
found to satisfy the following equations.

Zbvb
a
D fC rb (38)

where rb D krbk = kfk < � (39)

A˛v˛
a
D �Z˛vb C r˛ (40)
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where r˛ D kr˛k = kfk < � (41)

This leads to an assembly response for set ˛ computed by superposing the base and group responses
that satisfies

A˛ .vb C v˛/
a
D fC rb C r˛ : (42)

Thus, the total normalized residual for the assembly response is bounded by 2�.
Similarly, if the same analysis is performed on the assembly response for two disjoint sets of

modifications with known group response, the end result is�
Ab C Z˛ C Zˇ

� �
vb C v˛ C vˇ

� a
D fC rb C r˛ C rˇ C c¹˛;ˇº : (43)

As before, the modification sets are considered to be uncoupled if c¹˛;ˇº is less than the user-defined
tolerance ı. If this is the case, then the total normalized residual of the approximation is bounded by
3� C ı.

Finally, in the case of m, mutually disjoint, mutually uncoupled sets of modifications, the inexact
matrix solver gives rise to an approximation with normalized residual bounded by .mC1/�C

�
m
2

�
ı.

This may be seen by adding � to the bound for each time the inexact matrix solver needs to be
applied and adding ı for each coupling residual present, that is, one � for each group response, one
� for the base structure response, and one ı for each possible pair of modification sets.

3. APPLICATION OF DYNAMIC UNCOUPLING: OPTIMIZATION

Now that the mathematics of dynamic coupling estimation have been formulated, the remain-
ing question is how to utilize the lack of such coupling to accelerate optimization of structures.
Section 3.1 first discusses the parallels between the optimization problem studied here and the sim-
ilarly structured TTO problem. Then, an exhaustive search algorithm accelerated by capitalizing on
any dynamic uncoupling present in the system is presented in Section 3.2.

3.1. Comparison to the truss topology optimization problem

As discussed in Section 1, the optimization problem studied here is structurally similar to the TTO
problem. The truss stiffness matrix, K.a/ is computed as the sum of its beam stiffness matrices, Kj ,
based on some weighting factors aj that are physically related to the areas of the beams.

K.a/ D Kb C

nX
jD1

ajKj (44)

Then, one possible statement of the minimum-compliance TTO problem is given by Equation (45).

minimize fT u (45a)

subject to K.a/u D f (45b)
nX
jD1

aj lj 6 V (45c)

aj 2
°
a1j ; : : : ; a

mj
j

±
; j D 1; : : : ; n (45d)

Note that the beam areas are assumed to take one of a set of discrete values
°
a1j ; : : : ; a

mj
j

±
and

thus the problem is combinatorial in nature. Equation 45c constrains the total volume of the truss to
be less than the given V , thereby limiting the number of beams that may be used in the final design.

This is contrasted by the formal statement of the optimization problem studied here. We similarly
define the impedance matrix as
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A.!; a/ D Zb.!/C
MX
jD1

ajZj.!/ ; (46)

where M is the total number of modifications under consideration and the aj are used to indicate
the application of a given modification. Equation (47) gives a parallel definition of the optimization
problem studied in this work.

minimize Obj.v.!/ ; a/ (47a)

subject to A.!; a/ v.!/ D f.!/ (47b)
nX
jD1

aj 6Mmax (47c)

aj 2 ¹0; 1º ; j D 1; : : : ; n (47d)

The objective function, Obj, is taken to be some general function of both the system’s dynamic
response v.!/ — likely involving frequency averaging and a spatial root mean square (RMS) —
as well as the modifications used in the design — accounting for, as an example, if modifications
weigh or cost different amounts. Also, note that the weights aj are constrained to be either zero or
one, and that the total number of modifications allowed to be applied is restricted to Mmax.

Deterministic techniques solving for the optimal choice of beam areas in TTO usually require that
the truss stiffness matrix must be positive definite for all choices of the bar areas. This requirement
may be relaxed with the appropriate solution process is used [11, 12], but still requires that the
beam stiffness matrices be rank-1 matrices. It is also important that the objective function be a linear
function of the system displacement. Even when these conditions are met, this actually only allows
for the solution of the appropriate ‘relaxed subproblem’ where the areas of the bar are allowed
to vary continuously between their upper and lower bound. Then, the combinatorial nature of the
problem is then achieved through some branch-and-bound strategy. See [11] as one example of the
full details.

When viewing the modifications problem studied in the present work, it is immediately apparent
that all three of these criteria are not met, at least in the generality desired here. Instead of attempting
to use the classical approach of branch-and-bound based on a relaxed subproblem that has been
proven to be solvable, a different strategy is adopted. Recalling that exhaustive search is the only
solution to combinatorial optimization problems in the absence of other proofs, the goal is to reduce
the cost such that the search becomes feasible.

3.2. Dynamically uncoupled exhaustive search

As is derived in Section 2, when sets modifications are uncoupled to one another, computing the
response of the assembly may be done by superposing their respective group response. Thus, the
presence of uncoupled modifications reduces certain steps of the exhaustive search from requiring
the expensive frequency sweep operation to a series of summation operations. Therefore, the algo-
rithm developed here relies on building up a set of group responses with known dynamic coupling
properties to generate the responses for all possible modification sets. This procedure is formally
stated in Algorithm 1. Note that � represents the set of all potential modifications, and Mmax is the
maximum number allowed to be applied in the final design.

The dynamic uncoupling optimization algorithm generates all possible assembly responses either
by computing the group response, or by adding together mutually uncoupled, previously computed
group responses. Defining rˇ as the normalized residual due to the coupling approximation for
modification set ˇ, meaning

rˇ D
��rˇ

�� = kfk ; (48)

where rˇ D f � Aˇaˇ (49)

Copyright © 2016 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2017; 109:533–554
DOI: 10.1002/nme



544 A. WIXOM AND J. MCDANIEL

Algorithm 1 Optimization utilizing dynamic uncoupling
1: Initialize
2: Define empty group response set, � D ;.
3: Compute base structure velocity vb according to Equation (15).

4: for all i 2 � do
5: Compute and store single modification responses vi according to Equation (16).
6: Add modification i to the group response set �.
7: end for

8: for all pairs ¹i; j º, such that ¹i; j º � � do
9: Compute coupling residual c¹i;j º and normalized coupling residual c¹i;j º according to

Equation (21) and Equation (22).
10: end for

11: for increasing m, such that 3 6 m 6Mmax do
12: for all ˛ � �, such that Size .˛/ D m do
13: if ˛ is composed of mutually uncoupled group responses from current � then
14: Compute response by summation of uncoupled group responses.
15: Evaluate objective function.
16: else
17: Compute group assembly response, v˛ according to Equation (31).
18: Evaluate objective function.
19: for all group responses, ˇ 2 � do
20: Compute coupling residual c¹˛;ˇº and normalized coupling residual c¹˛;ˇº

according to Equation 32 and Equation 33, respectively.
21: end for
22: Add modification set ˛ to the group response set �.
23: end if
24: end for
25: end for

and aˇ is the assembly response generated by Algorithm 1. Then, recalling the solver tolerance and
coupling residual tolerance — � and ı, respectively — the upper bound on this normalized residual
may be written as

rˇ 6
²
2�; coupled ˇ
.nC 1/ � C

�
n
2

�
ı; uncoupled ˇ

; (50)

where n is the number of uncoupled group responses generating ˇ, if they exist. Note that the bino-
mial coefficient,

�
n
2

�
, gives the number of pairs of uncoupled group responses. This is a restatement

of the error bounds derived in Section 2.6
While Equation (50) gives an upper bound on the residual for any particular assembly, we may

also determine a global upper bound that applies to all assembly responses generated by the dynamic
coupling algorithm. Examining Equation 50, we can see that the largest bound occurs for an uncou-
pled modification set that is generated by the maximum number of group responses. For a problem
allowing a maximum of Mmax modifications in the optimal assembly, the largest possible number
of uncoupled group responses is also Mmax. Note that this only occurs if the single modification
responses are uncoupled. Therefore, the global upper bound on normalized residuals due to the algo-
rithm is .Mmax C 1/ � C

�
Mmax
2

�
ı. This may be used to determine a coupling tolerance guaranteeing

a certain global residual size.
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4. RESULTS

This section presents results obtained from applying the coupling optimization algorithm to a realis-
tic example problem and has been broken up into several parts. We will first introduce the example
problem studied here: a vibrating microelectromechanical system (MEMS) device being optimized
relative to four different collections of seven potential modifications. These particular cases of the
optimization problem are chosen to illustrate various levels of uncoupling. Next, the coupling results
for each example are introduced through several tables and figures. Finally, the particular uncoupling
seen in the four cases is discussed along with the implications to utilizing the dynamic coupling
algorithm in other systems.

4.1. Micro-Electro-Mechanical Systems vibrating grid

The base structure studied here was a MEMS-scale grid, which was vibrating over the frequency
range between 40 MHz and 100 MHz. Figure 2 depicts this example system and presents two of the
modes of the unmodified structure near the upper and lower limits of the frequency range. It is
important to note that over these frequencies, the structure experienced ‘local modes’, both trans-
verse and rotational, along each of the beams making up the grid. The grid had an overall side-length
of 100�m, and each beam was 2�m thick and 4�m wide. Typical silicon material properties were
assumed in addition to a small amount of material damping. The software package Abaqus was used
to develop a finite element model of the device using rectangular shell elements that resulted in
6132 dofs. A transverse direction forcing of unit value was applied at each of the nodes in the region
labeled ‘F’ in Figure 2a. The objective function considered for this example problem was the
frequency-averaged RMS vibration reduction at the midpoints of each of the beams with modifica-
tions on either end. These regions have been boxed in Figure 2a.

Four different case studies were considered for this example problem. Each case involves a dif-
ferent collection of seven modifications. The particular physics of the modifications for each case is
summarized in Table I. All modifications were specified to have a random number of dofs between
60 and 100, 54 of which were shared with the base structure. The attachment locations for each mod-
ification correspond to one of the seven intersection points on the grid as depicted in Figure 2a. The
mass, stiffness, and damping matrices for each modification were specified as follows. First, a diag-
onal mass matrix was created with masses on the same order as the elemental masses occurring in
the MEMS grid itself. Next, a stiffness matrix was specified such that the resulting natural frequen-
cies were uniformly randomly distributed between 1 MHz and 10 GHz, with at least some falling in
the range of interest. Then, a viscous damping matrix was created such that each modification was
proportionally damped with modal damping ratios uniformly randomly distributed between 0.1 and
1. Finally, according to the modification physics indicated in Table I, ‘full’ modifications included
all three of these coefficient matrices and ‘mass’, ‘stiffness’, and ‘damping’ modifications were

Figure 2. Micro-Electro-Mechanical Systems (MEMS) vibrational grid example problem. (a) System image
with the seven modification locations and forcing location indicated by filled squares, and the objective
function computation locations indicated by unfilled rectangles. (b) Vibrational mode of the unmodified

structure at 47 MHz. (c) Vibrational mode of the unmodified structure at 99 MHz.
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truncated to only those particular coefficient matrices. ‘Small mass’ modifications again involved a
diagonal mass matrix, but with elements two orders of magnitude lower that the elemental mass val-
ues from the base structure. This was done in order to induce particular uncoupling results as will
be discussed momentarily.

Physically, these modifications may be interpreted as generalized mounting brackets that attach to
the MEMS grid at the specified locations. The randomly generated modal properties described pre-
viously are chosen in order to give modifications ‘interesting’ dynamic properties in the frequency
range of interest.

4.2. Dynamic coupling algorithm results

The dynamic uncoupling estimation algorithm was applied to the MEMS grid example problem for
all four cases of modifications. The frequency range of interest was discretized into 100 linearly
spaced frequency steps. All combinations including up to the full seven modifications were ana-
lyzed with a coupling residual tolerance of 10�2, or less than one percent of the applied forcing.
A sparse direct matrix equation solver was used throughout and therefore the solver tolerance can be
taken to be on the order of machine precision. The approach was implemented in Python using the
SciPy sparse matrix library [13], which includes the SuperLU sparse direct solver [14]. Dense linear
algebra operations were performed using an OpenBLAS optimized linear algebra library [15, 16].

Note that the goal of this section is just to present the results obtained for this example problem.
A detailed discussion of these findings is reserved for Section 4.3.

Table I. Modification descriptions for each of the four
cases studied.

Description

Mod. Case A Case B Case C Case D

0 Mass Small mass Full Full
1 Full Full Mass Small mass
2 Full Full Mass Small mass
3 Stiffness Stiffness Full Full
4 Full Full Mass Small mass
5 Full Full Mass Small mass
6 Damping Damping Full Full

‘Full’ indicates a modification that includes mass, stiffness,
and damping.

Figure 3. Frequency-dependent normalized dynamic coupling residuals for the modification pairs occurring
in Case C. Note that those curves that lie entirely below 10�2 indicate pairs of modifications that are uncou-
pled. One result in each grouping is identified by the modification pair giving that coupling residual. The

remainder are unlabeled but indicated by thin gray lines.
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The frequency-dependent normalized coupling residuals for all pairs of modifications occurring
in Case C are plotted in Figure 3 — note that these are the results of step 3 of Algorithm 1. Similar
results were obtained for the other three cases but were not included here for the sake of brevity. The
normalized coupling residual between any two modifications is seen to vary over a couple orders of
magnitude across the frequency range of interest according to the dynamics of the base structure and
modifications involved. The coupling residuals have similar overall shapes, roughly proportional
to one another. Differences in the broadband levels coupling residual are due to the differing base
responses seen at each modification as well as the overall magnitude of the modification impedance
matrices. Details such as the presence or relative strength of a particular peak differ due to the spe-
cific dynamic interactions occurring within that pair. Three different groupings of coupling residuals
are seen in this case, depending on how many of the ‘full’ modifications as described in Table I
are within the pair. The highest coupling residual group involve two ‘full’ modifications, the middle
grouping has one ‘full’ modification, and the lowest grouping involve only ‘mass’ modifications.
One result has been identified in each grouping while the remainder are unlabeled but included as
thin gray lines.

Table II. Dynamic coupling for pairs of modifications.

Coupling

Mod. Pair Case A Case B Case C Case D

(0, 1) Coupled (0,), (1,) Coupled (0,), (1,)
(0, 2) Coupled (0,), (2,) Coupled (0,), (2,)
(0, 3) Coupled (0,), (3,) Coupled Coupled
(0, 4) Coupled (0,), (4,) Coupled (0,), (4,)
(0, 5) Coupled (0,), (5,) Coupled (0,), (5,)
(0, 6) Coupled (0,), (6,) Coupled Coupled
(1, 2) Coupled Coupled (1,), (2,) (1,), (2,)
(1, 3) Coupled Coupled Coupled (1,), (3,)
(1, 4) Coupled Coupled (1,), (4,) (1,), (4,)
(1, 5) Coupled Coupled (1,), (5,) (1,), (5,)
(1, 6) Coupled Coupled Coupled (1,), (6,)
(2, 3) Coupled Coupled Coupled (2,), (3,)
(2, 4) Coupled Coupled (2,), (4,) (2,), (4,)
(2, 5) Coupled Coupled (2,), (5,) (2,), (5,)
(2, 6) Coupled Coupled Coupled (2,), (6,)
(3, 4) Coupled Coupled Coupled (3,), (4,)
(3, 5) Coupled Coupled Coupled (3,), (5,)
(3, 6) Coupled Coupled Coupled Coupled
(4, 5) Coupled Coupled (4,), (5,) (4,), (5,)
(4, 6) Coupled Coupled Coupled (4,), (6,)
(5, 6) Coupled Coupled Coupled (5,), (6,)

If a pair is uncoupled, the group responses used to generate
the appropriate response are listed.

Table III. Dynamic coupling for higher-order sets of modifications.

Coupling

Mod. Set Case A Case B Case C Case D

(0, 1, 2, 3, 4, 5) Coupled (0,), (1, 2, 3, 4, 5) Coupled (0, 3), (1,), (2,), (4,), (5,)
(0, 1, 2, 3, 4, 6) Coupled (0,), (1, 2, 3, 4, 6) Coupled (0, 3, 6), (1,), (2,), (4,)
(0, 1, 2, 3, 5, 6) Coupled (0,), (1, 2, 3, 5, 6) Coupled (0, 3, 6), (1,), (2,), (5,)
(0, 1, 2, 4, 5, 6) Coupled (0,), (1, 2, 4, 5, 6) Coupled (0, 6), (1,), (2,), (4,), (5,)
(0, 1, 3, 4, 5, 6) Coupled (0,), (1, 3, 4, 5, 6) Coupled (0, 3, 6), (1,), (4,), (5,)
(0, 2, 3, 4, 5, 6) Coupled (0,), (2, 3, 4, 5, 6) Coupled (0, 3, 6), (2,), (4,), (5,)
(1, 2, 3, 4, 5, 6) Coupled Coupled Coupled (1,), (2,), (3, 6), (4,), (5,)
(0, 1, 2, 3, 4, 5, 6) Coupled (0,), (1, 2, 3, 4, 5, 6) Coupled (0, 3, 6), (1,), (2,), (4,), (5,)

If a set is uncoupled, the group responses used to generate the appropriate response are listed.
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In order to reduce this frequency-dependent quantity to a single Boolean determination of whether
or not the set is coupled, we compared the maximum normalized coupling residual with the cou-
pling residual tolerance. However, other possibilities exist: a less restrictive metric would be the
frequency-averaged normalized coupling residual, and a more complex version would be to perform
a frequency-by-frequency coupling determination. Table II summarizes the coupling results for all
pairs of modifications in each case study, where each modification pair is either denoted as cou-
pled or the uncoupled group responses used to generate the appropriate response are listed. Group
responses are denoted by a parentheses-enclosed list of the modifications used in that assembly: for
example, a table entry of ‘(0,6), (5)’ indicates that the assembly containing modifications 0, 5, and 6
is uncoupled by group responses for the assembly involving modifications 0 and 6, and the assembly
involving only modification 5. In the case of modification pairs as in Table II, the group responses
used are simply the single modification responses for the two modifications in the pair. However, as
higher-order modification sets are considered, the group responses used may involve several modi-
fications, as seen in Table III. This table lists the coupling results for the highest-order modification
sets present in each case: those with six or seven of the possible modifications included. Note that
Cases B and D both led to uncoupling in these highest-order modification sets, but that Cases A
and C did not. For a complete listing of the coupling status for every possible set of modifications,
please see the Appendix.

Table IV presents results relating to the algorithm’s overall effectiveness in each case. First, note
if up to 7 of 7 possible modifications are allowed to be applied to a structure, a total of 128 assem-
blies exist, including the unmodified base structure. The dynamic uncoupling algorithm may speed
up calculations for assemblies involving two or more modifications. For these examples, that is a
total of 120 possible assemblies. The table lists the number of assemblies that were uncoupled in
each case. Next, Table IV presents two run times: one for the dynamic coupling algorithm, and a
‘reference’ time determined by computing the response for all possible assemblies without regard to
any coupling considerations. Both of these times are wall-clock run times for the respective calcu-
lations on an otherwise unloaded computer. Finally, the table presents the ‘speedup’ of the dynamic
coupling algorithm. This is simply the ratio of the reference time to the coupling algorithm’s run
time. Thus, speedups greater than one imply improved performance due to the coupling algorithm.

The final result to be presented is the ranking of modification sets generated by the optimiza-
tion process. This has been done for each case study in Table V, where the top five performing
modifications have been tabulated for both the dynamic coupling algorithm as well as the reference
calculation. Additionally, the objective function as determined by both calculations has been listed.
It is seen that the dynamic coupling algorithm agrees with the exact calculation for all results except
in Case C.

4.3. Discussion

Each case study results in a very different uncoupling pattern between the modifications. In fact,
this was the motivation for presenting these particular cases of modifications. In the following para-
graphs, each case study is discussed in detail using the results presented in the preceding section.
We will also define two terms relating to very particular forms of uncoupling that are demonstrated
by the cases presented.

Table IV. Timing and overall coupling results for the dynamic uncoupling
algorithm for the four cases studied here.

Case Number Algorithm Reference
uncoupled time (s) time (s) Speedup

A 0 3986 3489 0.88
B 63 1976 3500 1.77
C 11 3406 3409 1.00
D 116 359 3533 9.84

Note that in each case, a total of 128 possible assemblies must be analyzed, 120 of
which could potentially be uncoupled.

Copyright © 2016 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2017; 109:533–554
DOI: 10.1002/nme



DYNAMIC UNCOUPLING OF MODIFICATIONS 549

Table V. Top five best-performing modification sets in each test case.

(a) Case A (b) Case B

# Method Mod. Set V.R. (%) # Method Mod. Set V.R. (%)

1 approx. (0, 1, 2, 3, 4, 5, 6) 36.27 1 approx. (0, 6) 1.240
exact (0, 1, 2, 3, 4, 5, 6) 36.27 exact (0, 6) 1.240

2 approx. (1, 2, 3, 4, 5, 6) 36.23 2 approx. (6,) 0.899
exact (1, 2, 3, 4, 5, 6) 36.23 exact (6,) 0.899

3 approx. (0, 1, 3, 4, 5, 6) 35.34 3 approx. (0, 3, 6) 0.895
exact (0, 1, 3, 4, 5, 6) 35.34 exact (0, 3, 6) 0.894

4 approx. (1, 3, 4, 5, 6) 35.19 4 approx. (0, 1, 2, 3, 4, 5, 6) 0.562
exact (1, 3, 4, 5, 6) 35.19 exact (0, 1, 2, 3, 4, 5, 6) 0.561

5 approx. (0, 1, 2, 4, 5, 6) 26.95 5 approx. (3, 6) 0.553
exact (0, 1, 2, 4, 5, 6) 26.95 exact (3, 6) 0.553

(c) Case C (d) Case D
# Method Mod. Set V.R. (%) # Method Mod. Set V.R. (%)

1 approx. (2, 4, 5) 0.695 1 approx. (1, 2, 4, 5, 6) 6.673
exact (2, 4, 5) 0.732 exact (1, 2, 4, 5, 6) 6.667

2 approx. (1, 2, 4, 5) 0.611 2 approx. (1, 2, 5, 6) 6.618
exact (1, 2, 4, 5) 0.713 exact (1, 2, 5, 6) 6.614

3 approx. (2, 4) 0.515 3 approx. (1, 2, 4, 6) 6.530
exact (2, 4) 0.525 exact (1, 2, 4, 6) 6.525

4 approx. (4, 5) 0.497 4 approx. (1, 4, 5, 6) 6.500
exact (1, 2, 4) 0.512 exact (1, 4, 5, 6) 6.496

5 approx. (1, 2, 4) 0.464 5 A (1, 2, 6) 6.476
exact (4, 5) 0.510 exact (1, 2, 6) 6.473

Both coupling response and exact calculation results listed. Table heading keys are as follows: ‘#’
denotes rank and ‘V.R.’ stands for frequency-averaged root mean square vibration reduction given
in percent, which is the objective function for this study.

Case A In this case, all modifications are coupled to one another, as seen in Tables II, III,
and the Appendix. The feature that is of interest in this case is the speedup obtained,
0.88, as seen in Table IV. This indicates that the coupling algorithm requires approxi-
mately 12% overhead computation compared with an exhaustive calculation if no uncou-
pling occurs. The overhead comes from the calculation of coupling residuals for all
the group responses. More in-depth profiling revealed that, for our implementation, the
dominant cost in computing a coupling residual was that of determining and perform-
ing the permutations necessary to add the component impedance matrices in order to
generate the assembly impedance matrix. It should be noted that the amount of over-
head is implementation dependent, and it is conceivable that a lower overhead could
be achieved.

Case B This case demonstrates a very particular type of uncoupling. Table II shows that modifica-
tion 0 is dynamically isolated, meaning that it is uncoupled from all other modifications.
When a modification is uncoupled from all others, this leads to a large reduction in the num-
ber of group responses necessary to generate all possible assembly responses because every
assembly involving that modification will be uncoupled. This is seen in Table III and the
Appendix. Table IV shows that 63 of the assemblies can be generated cheaply from uncou-
pled group responses in this case — all of which are due to only a single modification being
uncoupled from the rest. This translates to a speedup of 1.77 for our implementation of the
algorithm. Note that although almost half of the possible assemblies are uncoupled, we do
not see a full halving of the computational time required, again because of overhead com-
putations. In this case, the overhead comes from not only computing the coupling residuals
but also from adding up group responses to generate uncoupled assembly responses. In-
depth profiling again revealed permutation-related operations as the most expensive part of
the overhead computations.
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Case C In contrast to Case B, this case demonstrates the effects of coupling limited to only a few
modifications. Here, modifications 1, 2, 4, and 5 are mutually uncoupled, meaning any
pair of those four are uncoupled. However, each of these modifications are still coupled
to the other three modifications. As the optimization proceeds, the results of this are that
any assembly that involves only a combination of the four mutually uncoupled modifica-
tions is also uncoupled, but any assembly with modifications 0, 3, or 6 in any capacity is
coupled. Table IV shows that this leads to 11 uncoupled assemblies and, coincidentally, a
speedup of 1.00. The overhead in this case almost exactly cancels out the savings because
of uncoupling.

Case D This case is a demonstration of the uncoupling algorithm performing extremely well. In
this example, modifications 1, 2, 4, and 5 are all dynamically isolated. Note that this also
implies that these modifications are mutually uncoupled. The benefits of a single dynam-
ically isolated modification as seen in Case B are compounded by having multiple such
modifications. In this case, we see that all but four of the potentially uncoupled assemblies
are in fact uncoupled. This leads to a speedup of 9.84, which is again slightly less than that
expected without overhead costs taken into account.

A final comment must be made regarding the coupling tolerance used for these example problems:
ı D 10�2. Recall that this implies that coupling residuals are neglected when their norms are less
than 1% of the norm of the forcing vector. This is a fairly large tolerance compared with those
typically used by iterative solvers, but was found to be satisfactory for Cases A, B, and D. In fact,
using this coupling tolerance produced identical optimization results as an exhaustive search in
these cases. However, in Case C, while the optimal combination agreed between the exhaustive
search and dynamic uncoupling algorithm, several of the middle-performing combinations (i.e., the
combinations that were neither the best or worst) were ranked in a different order. This may be seen
in Table V(c), where the fourth and fifth ranked modification sets as determined by the dynamic
coupling algorithm are reversed compared with the exact calculation. This is due to the precision of
the dynamic coupling approximated results with a coupling tolerance of 10�2.

In an actual optimization problem, the coupling tolerance would need to be refined and the anal-
ysis performed again for Case C. In fact, one possible extension of the algorithm presented here
would be to monitor the objective function evaluations as the optimization proceeds in an effort to
detect this sort of problem and refine the coupling tolerance adaptively. However, because the goal
of this particular example problem is to demonstrate how the dynamic coupling algorithm performs
for varying levels of coupling between modifications, the results have been presented without this
coupling tolerance refinement. It should be noted that any tolerance refinement procedure would
likely effect both the coupling results and the overall speedup achieved by the algorithm.

5. CONCLUSIONS

This paper introduced and demonstrated the concept of dynamic coupling between modifications to
vibrating structures. First, the mathematics of dynamic coupling were presented through the use of
the impedance matrix formulation of vibrating structure dynamics. The effects of dynamic coupling
were seen to appear as a force residual in the equations of motion. Also, two possibilities for com-
puting approximate assembly responses were presented: coupling response and group response. The
coupling response formulation was advantageous in its explicit factoring of the dynamic interac-
tion of the modifications involved; however, utilizing group responses was seen to provide smaller
overall levels of error as well as simplified coupling residuals when sets of modifications need be
considered. Next, an optimization algorithm was presented that capitalized on any lack of dynamic
coupling present. It relied on computing a set of group responses with known coupling properties to
generate the responses of all possible modified structures. Bounds on the residual arising from the
coupling approximations made in the algorithm were presented.

In order to demonstrate various features of dynamic coupling estimation and the optimization
algorithm presented, an example problem involving a MEMS vibrating grid undergoing four dif-
ferent modification cases was considered. It was seen that the dynamic coupling algorithm leads
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to a small amount of overhead computation: approximately 12% for the implementation presented
here. However, provided a sufficient level of uncoupling occurs in the system, this overhead cost
is overcome and performance gains begin. In particular, large performance gains were seen when
the dynamic isolation of modifications occurred. A single dynamically isolated modification led
to a 77% computational speedup, and multiple dynamically isolated modifications resulted in an
optimization performed 9.86 times faster than exhaustive calculation.

APPENDIX

This appendix contains a listing of the coupling for all possible modification sets in the MEMS grid
vibration problem described in Section 4.

Table A.1. Dynamic coupling for all modification sets.

Coupling

Modification set Case A Case B Case C Case D

(0, 1) Coupled (0,), (1,) Coupled (0,), (1,)
(0, 2) Coupled (0,), (2,) Coupled (0,), (2,)
(0, 3) Coupled (0,), (3,) Coupled Coupled
(0, 4) Coupled (0,), (4,) Coupled (0,), (4,)
(0, 5) Coupled (0,), (5,) Coupled (0,), (5,)
(0, 6) Coupled (0,), (6,) Coupled Coupled
(1, 2) Coupled Coupled (1,), (2,) (1,), (2,)
(1, 3) Coupled Coupled Coupled (1,), (3,)
(1, 4) Coupled Coupled (1,), (4,) (1,), (4,)
(1, 5) Coupled Coupled (1,), (5,) (1,), (5,)
(1, 6) Coupled Coupled Coupled (1,), (6,)
(2, 3) Coupled Coupled Coupled (2,), (3,)
(2, 4) Coupled Coupled (2,), (4,) (2,), (4,)
(2, 5) Coupled Coupled (2,), (5,) (2,), (5,)
(2, 6) Coupled Coupled Coupled (2,), (6,)
(3, 4) Coupled Coupled Coupled (3,), (4,)
(3, 5) Coupled Coupled Coupled (3,), (5,)
(3, 6) Coupled Coupled Coupled Coupled
(4, 5) Coupled Coupled (4,), (5,) (4,), (5,)
(4, 6) Coupled Coupled Coupled (4,), (6,)
(5, 6) Coupled Coupled Coupled (5,), (6,)
(0, 1, 2) Coupled (0,), (1, 2) Coupled (0,), (1,), (2,)
(0, 1, 3) Coupled (0,), (1, 3) Coupled (0, 3), (1,)
(0, 1, 4) Coupled (0,), (1, 4) Coupled (0,), (1,), (4,)
(0, 1, 5) Coupled (0,), (1, 5) Coupled (0,), (1,), (5,)
(0, 1, 6) Coupled (0,), (1, 6) Coupled (0, 6), (1,)
(0, 2, 3) Coupled (0,), (2, 3) Coupled (0, 3), (2,)
(0, 2, 4) Coupled (0,), (2, 4) Coupled (0,), (2,), (4,)
(0, 2, 5) Coupled (0,), (2, 5) Coupled (0,), (2,), (5,)
(0, 2, 6) Coupled (0,), (2, 6) Coupled (0, 6), (2,)
(0, 3, 4) Coupled (0,), (3, 4) Coupled (0, 3), (4,)
(0, 3, 5) Coupled (0,), (3, 5) Coupled (0, 3), (5,)
(0, 3, 6) Coupled (0,), (3, 6) Coupled Coupled
(0, 4, 5) Coupled (0,), (4, 5) Coupled (0,), (4,), (5,)
(0, 4, 6) Coupled (0,), (4, 6) Coupled (0, 6), (4,)
(0, 5, 6) Coupled (0,), (5, 6) Coupled (0, 6), (5,)
(1, 2, 3) Coupled Coupled Coupled (1,), (2,), (3,)
(1, 2, 4) Coupled Coupled (1,), (2,), (4,) (1,), (2,), (4,)
(1, 2, 5) Coupled Coupled (1,), (2,), (5,) (1,), (2,), (5,)
(1, 2, 6) Coupled Coupled Coupled (1,), (2,), (6,)
(1, 3, 4) Coupled Coupled Coupled (1,), (3,), (4,)
(1, 3, 5) Coupled Coupled Coupled (1,), (3,), (5,)
(1, 3, 6) Coupled Coupled Coupled (1,), (3, 6)
(1, 4, 5) Coupled Coupled (1,), (4,), (5,) (1,), (4,), (5,)
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Table A.1. (Continued)

Coupling

Modification set Case A Case B Case C Case D

(1, 4, 6) Coupled Coupled Coupled (1,), (4,), (6,)
(1, 5, 6) Coupled Coupled Coupled (1,), (5,), (6,)
(2, 3, 4) Coupled Coupled Coupled (2,), (3,), (4,)
(2, 3, 5) Coupled Coupled Coupled (2,), (3,), (5,)
(2, 3, 6) Coupled Coupled Coupled (2,), (3, 6)
(2, 4, 5) Coupled Coupled (2,), (4,), (5,) (2,), (4,), (5,)
(2, 4, 6) Coupled Coupled Coupled (2,), (4,), (6,)
(2, 5, 6) Coupled Coupled Coupled (2,), (5,), (6,)
(3, 4, 5) Coupled Coupled Coupled (3,), (4,), (5,)
(3, 4, 6) Coupled Coupled Coupled (3, 6), (4,)
(3, 5, 6) Coupled Coupled Coupled (3, 6), (5,)
(4, 5, 6) Coupled Coupled Coupled (4,), (5,), (6,)
(0, 1, 2, 3) Coupled (0,), (1, 2, 3) Coupled (0, 3), (1,), (2,)
(0, 1, 2, 4) Coupled (0,), (1, 2, 4) Coupled (0,), (1,), (2,), (4,)
(0, 1, 2, 5) Coupled (0,), (1, 2, 5) Coupled (0,), (1,), (2,), (5,)
(0, 1, 2, 6) Coupled (0,), (1, 2, 6) Coupled (0, 6), (1,), (2,)
(0, 1, 3, 4) Coupled (0,), (1, 3, 4) Coupled (0, 3), (1,), (4,)
(0, 1, 3, 5) Coupled (0,), (1, 3, 5) Coupled (0, 3), (1,), (5,)
(0, 1, 3, 6) Coupled (0,), (1, 3, 6) Coupled (0, 3, 6), (1,)
(0, 1, 4, 5) Coupled (0,), (1, 4, 5) Coupled (0,), (1,), (4,), (5,)
(0, 1, 4, 6) Coupled (0,), (1, 4, 6) Coupled (0, 6), (1,), (4,)
(0, 1, 5, 6) Coupled (0,), (1, 5, 6) Coupled (0, 6), (1,), (5,)
(0, 2, 3, 4) Coupled (0,), (2, 3, 4) Coupled (0, 3), (2,), (4,)
(0, 2, 3, 5) Coupled (0,), (2, 3, 5) Coupled (0, 3), (2,), (5,)
(0, 2, 3, 6) Coupled (0,), (2, 3, 6) Coupled (0, 3, 6), (2,)
(0, 2, 4, 5) Coupled (0,), (2, 4, 5) Coupled (0,), (2,), (4,), (5,)
(0, 2, 4, 6) Coupled (0,), (2, 4, 6) Coupled (0, 6), (2,), (4,)
(0, 2, 5, 6) Coupled (0,), (2, 5, 6) Coupled (0, 6), (2,), (5,)
(0, 3, 4, 5) Coupled (0,), (3, 4, 5) Coupled (0, 3), (4,), (5,)
(0, 3, 4, 6) Coupled (0,), (3, 4, 6) Coupled (0, 3, 6), (4,)
(0, 3, 5, 6) Coupled (0,), (3, 5, 6) Coupled (0, 3, 6), (5,)
(0, 4, 5, 6) Coupled (0,), (4, 5, 6) Coupled (0, 6), (4,), (5,)
(1, 2, 3, 4) Coupled Coupled Coupled (1,), (2,), (3,), (4,)
(1, 2, 3, 5) Coupled Coupled Coupled (1,), (2,), (3,), (5,)
(1, 2, 3, 6) Coupled Coupled Coupled (1,), (2,), (3, 6)
(1, 2, 4, 5) Coupled Coupled (1,), (2,), (4,), (5,) (1,), (2,), (4,), (5,)
(1, 2, 4, 6) Coupled Coupled Coupled (1,), (2,), (4,), (6,)
(1, 2, 5, 6) Coupled Coupled Coupled (1,), (2,), (5,), (6,)
(1, 3, 4, 5) Coupled Coupled Coupled (1,), (3,), (4,), (5,)
(1, 3, 4, 6) Coupled Coupled Coupled (1,), (3, 6), (4,)
(1, 3, 5, 6) Coupled Coupled Coupled (1,), (3, 6), (5,)
(1, 4, 5, 6) Coupled Coupled Coupled (1,), (4,), (5,), (6,)
(2, 3, 4, 5) Coupled Coupled Coupled (2,), (3,), (4,), (5,)
(2, 3, 4, 6) Coupled Coupled Coupled (2,), (3, 6), (4,)
(2, 3, 5, 6) Coupled Coupled Coupled (2,), (3, 6), (5,)
(2, 4, 5, 6) Coupled Coupled Coupled (2,), (4,), (5,), (6,)
(3, 4, 5, 6) Coupled Coupled Coupled (3, 6), (4,), (5,)
(0, 1, 2, 3, 4) Coupled (0,), (1, 2, 3, 4) Coupled (0, 3), (1,), (2,), (4,)
(0, 1, 2, 3, 5) Coupled (0,), (1, 2, 3, 5) Coupled (0, 3), (1,), (2,), (5,)
(0, 1, 2, 3, 6) Coupled (0,), (1, 2, 3, 6) Coupled (0, 3, 6), (1,), (2,)
(0, 1, 2, 4, 5) Coupled (0,), (1, 2, 4, 5) Coupled (0,), (1,), (2,), (4,), (5,)
(0, 1, 2, 4, 6) Coupled (0,), (1, 2, 4, 6) Coupled (0, 6), (1,), (2,), (4,)
(0, 1, 2, 5, 6) Coupled (0,), (1, 2, 5, 6) Coupled (0, 6), (1,), (2,), (5,)
(0, 1, 3, 4, 5) Coupled (0,), (1, 3, 4, 5) Coupled (0, 3), (1,), (4,), (5,)
(0, 1, 3, 4, 6) Coupled (0,), (1, 3, 4, 6) Coupled (0, 3, 6), (1,), (4,)
(0, 1, 3, 5, 6) Coupled (0,), (1, 3, 5, 6) Coupled (0, 3, 6), (1,), (5,)
(0, 1, 4, 5, 6) Coupled (0,), (1, 4, 5, 6) Coupled (0, 6), (1,), (4,), (5,)
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Table A.1. (Continued)

Coupling

Modification Set Case A Case B Case C Case D

(0, 2, 3, 4, 5) Coupled (0,), (2, 3, 4, 5) Coupled (0, 3), (2,), (4,), (5,)
(0, 2, 3, 4, 6) Coupled (0,), (2, 3, 4, 6) Coupled (0, 3, 6), (2,), (4,)
(0, 2, 3, 5, 6) Coupled (0,), (2, 3, 5, 6) Coupled (0, 3, 6), (2,), (5,)
(0, 2, 4, 5, 6) Coupled (0,), (2, 4, 5, 6) Coupled (0, 6), (2,), (4,), (5,)
(0, 3, 4, 5, 6) Coupled (0,), (3, 4, 5, 6) Coupled (0, 3, 6), (4,), (5,)
(1, 2, 3, 4, 5) Coupled Coupled Coupled (1,), (2,), (3,), (4,), (5,)
(1, 2, 3, 4, 6) Coupled Coupled Coupled (1,), (2,), (3, 6), (4,)
(1, 2, 3, 5, 6) Coupled Coupled Coupled (1,), (2,), (3, 6), (5,)
(1, 2, 4, 5, 6) Coupled Coupled Coupled (1,), (2,), (4,), (5,), (6,)
(1, 3, 4, 5, 6) Coupled Coupled Coupled (1,), (3, 6), (4,), (5,)
(2, 3, 4, 5, 6) Coupled Coupled Coupled (2,), (3, 6), (4,), (5,)
(0, 1, 2, 3, 4, 5) Coupled (0,), (1, 2, 3, 4, 5) Coupled (0, 3), (1,), (2,), (4,), (5,)
(0, 1, 2, 3, 4, 6) Coupled (0,), (1, 2, 3, 4, 6) Coupled (0, 3, 6), (1,), (2,), (4,)
(0, 1, 2, 3, 5, 6) Coupled (0,), (1, 2, 3, 5, 6) Coupled (0, 3, 6), (1,), (2,), (5,)
(0, 1, 2, 4, 5, 6) Coupled (0,), (1, 2, 4, 5, 6) Coupled (0, 6), (1,), (2,), (4,), (5,)
(0, 1, 3, 4, 5, 6) Coupled (0,), (1, 3, 4, 5, 6) Coupled (0, 3, 6), (1,), (4,), (5,)
(0, 2, 3, 4, 5, 6) Coupled (0,), (2, 3, 4, 5, 6) Coupled (0, 3, 6), (2,), (4,), (5,)
(1, 2, 3, 4, 5, 6) Coupled Coupled Coupled (1,), (2,), (3, 6), (4,), (5,)
(0, 1, 2, 3, 4, 5, 6) Coupled (0,), (1, 2, 3, 4, 5, 6) Coupled (0, 3, 6), (1,), (2,), (4,), (5,)

If a pair is uncoupled, the group responses used to generate the appropriate response are listed.
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